Algebraic Number Theory 2007/2008

1. Algebraic prerequisites

1.1. General

1.1.1.

Definition. For a field F' define the ring homomorphism Z — F by n+— n-1p. Its
kernel I is an ideal of Z such that Z/I is isomorphic to the image of Z in F'. The
latter is an integral domain, so [ is a prime ideal of Z, i.e. I =0 or I = pZ for a
prime number p. In the first case F' is said to have characteristic 0, in the second —
characteristic p.

Definition—-Lemma. Let F' be a subfield of a field L. An element a € L is called
algebraic over F' if one of the following equivalent conditions is satisfied:

(1) f(a) =0 for a non-zero polynomial f(X) € F[X];

(ii) elements 1,a,a?, ... are linearly dependent over F;

(iii) F-vector space Fla] ={>_ a;a’: a; € F} is of finite dimension over F;

(iv) Fla] = F(a).

Proof. (i) implies (ii): if f(X)=>"yci X", co,cn #0, then Y c;a’ =

(ii) implies (iii): if 37 ¢ia’ = 0, ¢, # 0, then a” = - Zf_ol c—l , ™! =
a-a"=— Zn_ol clea™! = — Zn_oz cleia™ + e le,_ Zi:O cleial, ete.

(iii) implies (iv): for every b € F[a] we have F[b] C Fla], hence F[b] is of finite
dimension over F. Soif b & F, there are d; such that >~ d;b* = 0, and dy #0. Then
1/b=—dy"' S0 d;b"~" and hence 1/b € F[b] C Flal.

(@iv) 1mphes @(): if 1/a isequalto > e;a’, then a is arootof > e; X1 — 1

For an element @ algebraic over F' denote by
fa(X) € F[X]
the monic polynomial of minimal degree such that f,(a) =0
This polynomial is irreducible: if f, = gh, then g(a)h(a) = 0, so g(a) = 0 or

h(a) = 0, contradiction. It is called the monic irreducible polynomial of a over F'.
For example, f,(X) is a linear polynomial iff a € F'.
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Lemma. Define a ring homomorphism F[X] — L, g(X) — g(a). Its kernel is the
principal ideal generated by f,(X) and its image is F(a), SO

FIX1/(fa(X)) = F(a).

Proof. The kernel consists of those polynomials g over F' which vanish at a. Using
the division algorithm write g = f,h + k where k£ = 0 or the degree of k is smaller
than that of f,. Now k(a) = g(a) — f.(a)h(a) = 0, so the definition of f, implies
k = 0 which means that f, divides g.

Definition. A field L is called algebraic over its subfield F' if every element of L is
algebraic over F'. The extension L/F is called algebraic.

Definition. Let F' be a subfield of a field L. The dimension of L as a vector space
over F' is called the degree |L : F'| of the extension L/F.

If a is algebraic over F' then |F'(a) : F| is finite and it equals the degree of the
monic irreducible polynomial f, of a over F.

Transitivity of the degree |L : F| = |L : M||M : F| follows from the observation:
if o; form a basis of M over F' and (3; form a basis of L over M then «;/3; forma
basis of L over F.

Every extension L/F of finite degree is algebraic: if 3 € L, then |F(() : F| <
|L : F| is finite, so by (iii) above [ is algebraic over F'. In particular, if « is algebraic
over F' then F'(«) is algebraic over F'. If «, 3 are algebraic over F' then the degree of
F(a, B) over F' does not exceed the product of finite degrees of F(a)/F and F(3)/F
and hence is finite. Thus all elements of F'(a, (3) are algebraic over F'.

An algebraic extension F'({a;}) of F is is the composite of extensions F'(a;),
and since a; is algebraic |F'(a;) : F| is finite, thus every algebraic extension is the
composite of finite extensions.

1.1.2. Definition. Anextension F' of Q of finite degree is called an algebraic number
field, the degree |F : Q| is called the degree of F'.

Examples. 1. Every quadratic extension L of Q can be written as Q(y/e) for a
square-free integer e. Indeed, if 1, a is a basis of L over Q, then o = a; +apa with
rational a;, so « is aroot of the polynomial X 2 _ a4y X — a; whose roots are of the
form ay/2 £+/d/2 where d € Q is the discriminant. Write d = f /g with integer f, g
and notice that Q(v/d) = Q(/dg?) = Q(/fg). Obviously we can get rid of all square
divisors of fg without changing the extension Q(/fg).

2. Cyclotomic extensions Q™ = Q((,,) of Q where (,, is a primitive mth
root of unity. If p is prime then the monic irreducible polynomial of (,, over Q is
XP=ly .. 41=(XP—-1)/(X —1) of degree p — 1.
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1.1.3. Definition. Let two fields L, L’ contain a field F. A homo(iso)morphism
o:L — L' such that o|p is the identity map is called a F'-homo(iso)morphism of L
into L'.

The setof all F'-homomorphisms from L to L’ is denoted by Hompg(L, L"). Notice
that every F'-homomorphism is injective: its kernel is an ideal of F' and 17 does not
belong to it, so the ideal is the zero ideal. In particular, o(L) is isomorphic to L.

The set of all F'-isomorphisms from L to L’ is denoted by Isog(L, L").

Twoelements a € L,a’ € L’ are called conjugate over F' ifthereisa F'-homomorphism
o suchthat o(a) = a’. If L, L’ are algebraic over F' and isomorphic over F', they are
called conjugate over F.

Lemma. (i) Any two roots of an irreducible polynomial over F' are conjugate over F'.
(ii) An element a’ is conjugate to a over F iff f, = f,.
(iit) The polynomial f,(X) is divisible by [[(X — a;) in L[X], where a; are all
distinct conjugate to a elements over F', L isthe field F'({a;}) generated by a; over
F.

Proof. (i) Let f(X) be an irreducible polynomial over F' and a,b be its roots in a
field extension of F'. Then f, = f; = f and we have an F'-isomorphism

F(a) = FIX]/(fo(X)) = FIX1/(fo(X)) = F(b), a—b

and therefore a is conjugate to b over F'.

(i) 0 =0 f.(a) = fo(oa) = fu(a'), hence f, = for. If f, = for, use (i).

(iii) If a; isarootof f, then by the division algorithm f,(X) is divisible by X —a;
in L[X].

1.1.4. Definition. A field is called algebraically closed if it does not have algebraic
extensions.

Theorem (without proof). Every field F' has an algebraic extension C which is
algebraically closed. The field C is called an algebraic closure of F. Every two
algebraic closures of F' are isomorphic over F.

Example. The field of rational numbers Q is contained in algebraically closed field
C. The maximal algebraic extension Q% of Q is obtained as the subfield of complex
numbers which contains all algebraic elements over Q. The field Q¢ is algebraically
closed: if o € C is algebraic over Q® then it is a root of a non-zero polynomial with
finitely many coefficients, each of which is algebraic over Q. Therefore « is algebraic
over the field M generated by the coefficients. Then M («)/M and M /Q are of finite
degree, and hence « is algebraic over Q, i.e. belongs to Q®. The degree |Q® : Q)| is
infinite, since |Q% : Q| > |Q((p) : Q| = p — 1 for every prime p.

The field Q% is is much smaller than C, since its cardinality is countable whereas
the cardinality of complex numbers is uncountable).
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Everywhere below we denote by C' an algebraically closed field containing F'.

Elements of Homg(F'(a),C') are in one-to-one correspondence with distinct roots
of f,(X) € F[X]: for each such root a;, as in the proof of (i) above we have
o: F(a) — C, a+ a;; and conversely each such ¢ € Homg(F'(a), C) maps a to one
of the roots a;.

1.2. Galois extensions

1.2.1. Definition. A polynomial f(X) € F[X] is called separable if all its roots in C'
are distinct.

Recall that if a is a multiple root of f(X), then f’(a) = 0. So a polynomial f is
separable iff the polynomials f and f’ don’t have common roots.

Examples of separable polynomials. Irreducible polynomials over fields of charac-
teristic zero, irreducible polynomials over finite fields.

Proof: if f is an irreducible polynomial over a field of characteristic zero, then
its derivative f’ is non-zero and has degree strictly smaller than f; and so if f has a
multiple root, than a g.c.d. of f and f’ would be of positive degree strictly smaller than
f which contradicts the irreducibility of f. For the case of irreducible polynomials
over finite fields see section 1.3.

Definition. Let L be a field extension of F'. An element a € L is called separable
over F' if f,(X) is separable. The extension L/F is called separable if every element
of L is separable over F'.

Example. Every algebraic extension of a field of characteristic zero or a finite field is
separable.

1.2.2. Lemma. Let M be a field extension of F' and L be a finite extension of M.
Then every F-homomorphism o: M — C' can be extended to an F'-homomorphism
oL — C.

Proof. Let a € L\ M and f,(X) =Y ¢;X* be the minimal polynomial of a over
M. Then (of)(X) => o(c))X ¢ is irreducible over oM. Let b be its root. Then
0fs = fp. Consider an F-homomorphism ¢: M[X] — C, ¢(>_a; X% =" o(a;)b.
Its image is (0 M)(b) and its kernel is generated by f,,. Since M[X]/(f.(X)) ~ M(a),
¢ determines an extension ¢”: M(a) — C of o. Since |L : M(a)| < |L : M|, by
induction ¢ canbe extended to an F'-homomorphism ¢’: L — C' suchthat ¢’|y; = 0.

1.2.3. Theorem. Let L be a finite separable extension of F' of degree n. Then there
existexactly n distinct F'-homomorphismsof L into C, i.e. |Homg(L,C)| =|L : F|.
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Proof. The number of distinct F'-homomorphisms of L into C' is < n is valid for
any extension of degree n. To prove this, argue by induction on |L : F'| and use the
fact that every F'-homomorphism o: F'(a) — C' sends a to one of roots of f,(X) and
that root determines o completely.

To show that there are n distinct F'-homomorphisms for separable L/F' consider
first the case of L = F'(a). From separability we deduce that the polynomial f,(X) has
n distinct roots a; which give n distinct F'-homomorphisms of L into C: a +— a;.

Now argue by induction on degree. For a € L\ F consider M = F(a). There
are m = |M : F| distinct F'-homomorphisms o; of M into C. Let 0:L — C
be an extension of o; which exists according to 1.2.2. By induction there are n/m
distinct F'(o;(a))-homomorphisms 7;; of o;(L) into C. Now T7;; o o} are distinct
F'-homomorphisms of L into C.

1.2.4. Proposition. Every finite subgroup of the multiplicative group F'* of afield F’
is cyclic.

Proof. Denote this subgroup by G, it is an abelian group of finite order. From the
standard theorem on the stucture of finitely generated abelian groups we deduce that

GZ/mZ& - - ®L/m, 7

where m divides m;, etc. We need to show that » =1 (then G is cyclic). If r > 1,
then let a prime p be a divisor of m;. The cyclic group Z/mZ has p elements
of order p and similarly, Z/m,Z has p elements of order p, so G has at least P>
elements of order p. However, all elements of order p in GG are roots of the polynomial
XP — 1 which over the field F' cannot have more than p roots, a contradiction. Thus,
r=1.

1.2.5. Theorem. Let F' be afield of characteristic zero or afinite field. Let L be afinite
field extension of F'. Then there exists an element ¢ € L suchthat L = F(a) = F[a].

Proof. If F is of characteristic 0, then F' is infinite. By 1.2.3 there are n = |L : F|
distinct F'-homomorphisms o;: L — C. Put V;; = {a € L : 0;(a) = 0j(a)}. Then
Vi; are proper F'-vector subspaces of L for ¢ # j of dimension < n, and since F' is
infinite, there union U,;V;; is different from L. Then thereis a € L\ (UV;;). Since
the set {o;(a)} is of cardinality n, the minimal polynomial of a over F has at least
n distinct roots. Then |F'(a) : F| > n=|L: F| and hence L = F(a).

If L is finite, then L™ is cyclic by 1.2.4. Let a be any of its generators. Then
L = F(a).

1.2.6. Definition. An algebraic extension L of F' (inside C') is called the splitting
field of polynomials f; if L = F'({a,;}) where a;; are all the roots of f;.

An algebraic extension L of F' is called a Galois extension if L is the splitting
field of some separable polynomials f; over F.
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Example. Let L be a finite extension of F' such that L = F'(a). Then L/F is a
Galois extension if the polynomial f,(X) of a over F' has deg f, distinct roots in L.
So quadratic extensions of Q and cyclotomic extensions of Q are Galois extensions.

1.2.7. Lemma. Let L be the splitting field of an irreducible polynomial f(X) € F[X].
Then o(L) = L for every o € Homp(L, ().

Proof. o permutes the roots of f(X). Thus, o(L) = F(o(ay), ...,o0(ay,)) = L.

1.2.8. Theorem. A finite extension L of I is a Galois extension iff

o(L) = L forevery o € Homp(L,C) and |Homp(L, L)| = |L : F|.

The set Homp(L, L) equals to the set Isor(L, L) which is a finite group with
respect to the composite of field isomorphisms. This group is called the Galois group
Gal(L/F) of the extension L/F.

Sketch of the proof. Let L be a Galois extension of F'. The right arrow follows from
the previous proposition and properties of separable extensions. On the other hand, if
L =F{b;}) and o(L) = L forevery 0 € Homp(L,C) then o(b;) belong to L and
L is the splitting field of polynomials f,,(X). If |Homg(L,L)| = |L : F| then one
can show by induction that each of f;,(X) is separable.

Now suppose we are in the situation of 1.2.5. Then L = F'(a) for some a € L.
L is the splitting field of some polynomials f; over F', and hence L is the splitting
field of their product. By 1.2.7 and induction we have oL = L. Then L = F'(a;) for
any root a; of f,, and elements of Homg(L, L) correspond to a — a;. Therefore
Homp(L, L) = Isop(L, L). Its elements correspond to some permutations of the set
{a;} of all roots of f,(X).

1.2.9. Theorem (without proof). Let L/F be a finite Galois extension and M be an
intermediate field between F' and L.
Then L/M is a Galois extension with the Galois group

Gal(L/M) = {0 € Gal(L/F) : o|as =idps}.

For a subgroup H of Gal(L/F) denote
L ={recL:o@)=x forallc € H}.

This set is an intermediate field between L and F'.

1.2.10. Main theorem of Galois theory (without proof). Let L/F be a finite Galois
extension with Galois group G = Gal(L/F).

Then H — L* is a one-to-one correspondence between subgroups H of G and
subfields of L which contain F'; the inverse map is given by M — Gal(L/M). We
have Gal(L/M)=H.
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Normal subgroups H of G correspond to Galois extensions M /F and

Gal(M/F)~ G/H.

1.3. Finite fields

Every finite field I’ has positive characteristic, since the homomorphism Z — F' is
not injective. Let F' be of prime characteristic p. Then the image of Z in F' can
be identified with the finite field F,, consisting of p elements. If the degree of F/IF),
is n, then the number of elements in F' is p™. By 1.2.4 the group F'* is cyclic of
order p" — 1, so every non-zero element of F is a root of the polynomial X?"~1 — 1.
Therefore, all p™ elements of F areall p™ roots of the polynomial f,,(X) = X?" — X.
The polynomial f, is separable, since its derivative in characteristic p is equal to
p"XP =1 — 1 =—1. Thus, F is the splitting field of f,, over F,. We conclude that
F/F, is a Galois extension of degree n = |F : F)|.

Lemma. The Galois group of F/IF,, is cyclic of order n: it is generated by an auto-
morphism ¢ of F called the Frobenius automorphism:

o(x)=2P forall x € F.

Proof. ¢™(z)=aP" =z forall x € F iff n|m.

On the other hand, for every n > 1 the splitting field of f,, over [, is a finite field
consisiting of p" elements.
Thus,

Theorem. Forevery n there is a unique (up to isomorphism) finite field IF,» consisting
of p™ elements; it is the splitting field of the polynomial f,,(X) = X?" — X. The finite
extension F,»m /F,» is a Galois extension with cyclic group of degree m generated
by the Frobenius automorphism ¢,,: z — zP" .

Lemma. Let g(X) be an irreducible polynomial of degree m over a finite field ..
Then g(X) divides f,,,(X) and therefore is a separable polynomial.

Proof. Let a bearootof g(X). Then Fyn(a)/F,n isof degree m, so Fyn(a) = Fpnm.
Since a is aroot of f,,,,(X), ¢ divides f,.,. The latter is separable and so is g.



8 Alg number theory

2. Integrality

2.1. Integrality over rings

2.1.1. Proposition — Definition. Let B be an integral domain and A be its subring.
An element b € B is called integral over A if it satisfies one of the following
equivalent conditions:
(i) there exist a; € A suchthat f(b) =0 where f(X)=X"+a, 1 X" '+ - -+ag;
(ii) the subring of B generated by A and b is an A-module of finite type;
(iii) there exists a subring C' of B which contains A and b and which is an
A-module of finite type.

Proof. (i) =-(ii): note that the subring A[b] of B generated by A and b coincides
with the A-module M generatedby 1, ...,b"!. Indeed,

bn+j — —a()bj L bn+j—l

and by induction ¥/ € M.

(i) = (iii): obvious.

(i) = (Q): let C = c; A+ - - -+¢,, A. Then be; = Zj a;i;Cj, SO Zj(éijb—aij)cj =0.
Denote by d the determinant of M = (0;;b — a;;). Note that d = f(b) where
f(X) € A[X] is a monic polynomial. From linear algebra we know that dFE = M *M
where M ™ is the adjugate matrix to M and E is the identity matrix of the same order
of that of M. Denote by € the column consisting of ¢;. Now we get M C = 0 implies
M*MC = 0 implies dEC = 0 implies d€ = 0. Thus dc; =0 forall 1 < j < m.
Every ¢ € C is alinear combination of ¢;. Hence dc =0 forall ¢ € C. In particular,
dl =0, so f(by=d=0.

Examples. 1. Every element of A is integral over A.

2. If A, B are fields, then an element b € B is integral over A iff b is algebraic
over A.

3. Let A=7, B=Q. A rational number r/s with relatively prime r and
s is integral over Z iff (r/s)" + ap_1(r/s)* ' + --- +ag = 0 for some integer a;.
Multiplying by s™ we deduce that s divides r™, hence s = £1 and r/s € Z. Hence
integral in Q elements over Z are just all integers.

4. If B is a field, then it contains the field of fractions F' of A. Let o €
Hompg(B,C) where C' is an algebraically closed field containing B. If b € B is
integral over A, then o(b) € o(B) is integral over A.

5. If b € B is a root of a non-zero polynomial f(X) = a, X"+ --- € A[X],
then a”~!f(b) = 0 and g(a,b) = 0 for g(X) = X" +a,_1 X" '+ .- +a" ap,
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g(a, X) = az_l f(X). Hence a,b is integral over A. Thus, for every algebraic over
A element b of B there is a non-zero A-multiple ab which is integral over A.

2.1.2. Corollary. Let A be asubring of an integral domain B. Let I bean A-module
of finite type, I C B. Let b € B satisfy the property b C I. Then b is integral over
A.

Proof. Indeed, as in the proof of (i7i) = (i) we deduce that dc = 0 for all ¢ € I.
Since B is an integral domain, we deduce that d =0, so d = f(b) = 0.

2.1.3. Proposition. Let A be asubringof aring B, and let b, € B be such that b; is

integral over A[by, ...,b;_1] forall i. Then A[by, ...,b,] isan A-module of finite
type.
Proof. Induction on n. n =1 is the previous proposition. If C' = A[by, ...,b,_1]

is an A-module of finite type, then C'= """, ¢;A. Now by the previous proposition
C[by] is a C-module of finite type, so C[b,] = Y25, d;C. Thus, Clb,] =3, ; djc;A
is an A-module of finite type.

2.1.4. Corollary 1. If by,by € B are integral over A, then by + by, by — by, b1by are
integral over A.

Certainly b; /b, isn’t necessarily integral over A.

Corollary 2. The set B’ of elements of B which are integral over A is a subring of
B containing A.

Definition. B’ is called the integral closure of A in B. If A is an integral domain
and B is its field of fractions, B’ is called the integral closure of A.

A ring A is called integrally closed if A is an integral domain and A coincides
with its integral closure in its field of fractions.

Let F' be an algebraic number field. The integral closure of Z in F' is called the
ring Op of (algebraic) integers of F'.

Examples. 1. A UFD is integrally closed. Indeed, if 2 = a/b with relatively prime
a,b € A is aroot of polynomial f(X)= X"+ ---+ag € A[X], then b divides a™,
so b isaunitof A and z € A.

In particular, the integral closure of Z in Q is Z.

2. O is integrally closed (see below in 2.1.6).

2.1.5. Lemma. Let A beintegrally closed. Let B be afield. Thenanelement b € B is
integral over A iff the monic irreducible polynomial f,(X) € F[X] over the fraction
field F' of A has coefficients in A.
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Proof. Let L be a finite extension of F' which contains B and all o(b) for all
F'-homomorphisms from B to an algebraically closed field C'. Since b € L is integral
over A, o(b) € L is integral over A for every o. Then f,(X) = [[(X — o(b)) has
coefficients in F' which belong to the ring generated by A and all o(b) and therefore
are integral over A. Since A is integrally closed, f,(X) € A[X].

If fp(X) € A[X] then b is integral over A by 2.1.1.

Examples. 1. Let F be an algebraic number field. Then an element b € F' is integral
iff its monic irreducible polynomial has integer coefficients.

For example, v/d for integer d is integral.

If d =1 mod 4 then the monic irreducible polynomial of (1 ++/d)/2 over Q is
X2 - X +(1 —d)/4 € Z[X], so (1 ++/d)/2 is integral. Note that v/d belongs to
Z[(1 ++/d)/2), and hence Z[\/d] is a subring of Z[(1 ++/d)/2].

Thus, the integral closure of Z in Q(\/a) contains the subring Z[Vd] and the
subring Z[(1 + \/E) /2] if d = 1 mod 4. We show that there are no other integral
elements.

An element a + b+/d with rational ¢ and b # 0 is integral iff its monic irreducible
polynomial X? —2aX +(a® — db?) belongs to Z[X]. Therefore 2a,2b are integers. If
a = (2k+1)/2 for aninteger k, then it is easy to see that a> — db”> € Z iff b= (21+1)/2
with integer [ and (2k + 1)2 — d(2l + 1)? is divisible by 4. The latter implies that d
is a quadratic residue mod 4,i.e. d =1 mod 4. In turn, if d =1 mod 4 then every
element (2k + 1)/2 + (21 + 1)\/d/2 is integral.

Thus, integral elements of Q(\/E) are equal to

{ ZIV4d] ifd#1 mod 4
ZI(1+Vd)/2] ifd=1 mod 4
2. Oqgm isequal to Z[(,,] (see section 2.4).

2.1.6. Definition. B is said to be integral over A if every element of B is integral
over A. If B is of characteristic zero, its elements integral over Z are called integral
elements of B.

Lemma. If B isintegral over A and C is integral over B, then C is integral over
A.

Proof. Let ¢ € C be aroot of the polynomial f(X) = X" 4+b, 1 X" 14 ... +by with
b; € B. Then c is integral over A[bg, ...,b,_1]. Since b; € B are integral over A,
proposition 2.1.3 implies that A[bg, ...,b,_1,c] is an A-module of finite type. From
2.1.1 we conclude that c is integral over A.

Corollary. Op is integrally closed
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Proof. An element of F' integral over Op is integral over Z due to the previous
lemma.

2.1.7. Proposition. Let B be an integral domain and A be its subring such that B is
integral over A. Then B is afield iff A is a field.

Proof. If A isafield, then A[b] for b € B\O is a vector space of finite dimension over
A, and the A-linear map : A[b] — A[b], ¢(c) = bc is injective, therefore surjective,
so b is invertible in B.

If Bisafieldand a € A\O, thentheinverse a~! € B satisfies a " +a,,_ja "1+
-~+ap=0 withsome a; € A. Then a ' =—a,,_; — -+ —apa™ !, s0o a ! € A.

2.2. Norms and traces

2.2.1. Definition. Let A be a subring of a ring B such that B is a free A-module
of finite rank n. For b € B its trace Trg,4(b), norm Np,4(b) and characteristic
polynomial g¢,(X) are the trace, the norm and the characteristic polynomial of the
linear operator my: B — B, myp(c) = be. In other words, if M; is a matrix of the
operator my; with respect to a basis of B over A, then ¢u(X) = det(XE — M,),
TI‘B/A(b) =Tr My, NB/A = det M.

If gp(X) = X"+a, 1 X" '+ ---+ap then from the definition a,,_| = —Trp,a(b),
ap = (=1)"Npa(b).

2.2.2. First properties.
Tr(b + V') = Tr(b) + Tr(t'), Tr(ab) = a Tr(b), Tr(a) = na,
N@®Y)= NON@®'), N(ab) = a" N(b), N(a) = a"
for a € A.

2.2.3. Everywhere below in this section F' is either a finite field of a field of charac-
teristic zero. Then every finite extension of F' is separable.

Proposition. Let L be an algebraic extension of F' of degree n. Let b € L and
b1, ..., b, berootsof the monic irreducible polynomial of b over F' each one repeated
|L : F(b)| times. Then the characteristic polynomial ¢;,(X) of b with respectto L/F

is [I(X —by), and Try,p(b) = > bi, Npyp(b) =[] bi.

Proof. If L = F(b), then use the basis 1,b, ...,b" ! to calculate g,. Let fp(X) =
X" 4¢,_1 X" '+ ...+ ¢y be the monic irreducible polynomial of b over F, then the
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matrix of my is

—cg —CI —C ... —Cp_|

Hence ¢5(X) =det(XE — M) = fp(X) and det My, = [[ b;, TrM, =) b;.

In the general case when |F'(b) : F| = m < n choose a basis wi, ey Whym Of
L over F(b) and take wy, ...,w1b™ 1wy, ..., wpb™ 1, ... as a basis of L over
F. The matrix M, is a block matrix with the same block repeated n/m times on
the diagonal and everything else being zero. Therefore, g,(X) = f,(X)EF®I where
fp(X) is the monic irreducible polynomial of b over F.

Example. Let F =Q, L =Q(/d) with square-free integer d. Then
GuepyadX) = (X —a = WX — a+0/d) = X — 20X + (@ — db?),
SO
Trowm ol@+Wd) =2a, Ny gla+/d) =a® = db.

In particular, an integer number c is asumof two squaresiff ¢ € N, /=, /0 Ogw/=1)-

More generally, c is in the form a? — db®> with integer a,b and square-free d not
congruent to 1 mod 4 iff

¢ € Now/ay g2Vl

2.2.4. Corollary 1. Let o; bedistinct F-homomorphismsof L into C. Then Try,,x(b) =
Zdib, NL/F(b) = HJi(b)-

Proof. In the previous proposition b; = o;(b).

Corollary 2. Let A be an integral domain, F' be its field of fractions. Let L be an
extension of F' of finite degree. Let A’ be the integral closure of A in F. Then for
an integral element b € L over A g,(X) € A'[X] and Try,p(b), Ny, r(b) belong to
A

Proof. All b; are integral over A.

Corollary 3. If, in addition, A is integrally closed, then Try,/z(b), N/r(b) € A.

Proof. Since A is integrally closed, A’ N F = A.

2.2.5. Lemma. Let F' be a finite field of a field of characteristic zero. If L is a finite
extension of F' and M/F is a subextension of L/F, then the following transitivity
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property holds
Trp/p =Trarp o Trp g, Np/p=NyyroNpju-

Proof. Let oy, ...,0,, be all distinct F'-homomorphisms of M into C' (m = |M :
F|). Let 71, ..., T m be all distinct M -homomorphisms of L into C' (n/m = |L :
MY). The field 7;(L) is afinite extension of F, and by 1.2.5 there is an element a; € C
such that 7;(L) = F'(a;). Let E be the minimal subfield of C' containing M and all
a;. Using 1.2.3 extend o; to o;: E — C. Then the composition ¢} o 7;: L — C' is
defined. Note that o} o 7; = o] o 7; implies o; = o} o 7j|p = 0}, o 7j|m = 03y, 50
i =11, and then j = j;. Hence o}o7; for 1 <i<m,1 < j<n/m areall n distinct
F-homomorphisms of L into C'. By Corollary 3 in 2.2.4

Natyp(Np®) = Nugy ([ [ 7500 = [T oi([ [ 7500 = [ [ (0] 0 7)®) = N1y (D).

Similar arguments work for the trace.

2.3. Integral basis

2.3.1. Definition. Let A be a subring of a ring B such that B is a free A-module
of rank n. Let by, ...,b, € B. Then the discriminant Dby, ...,b,) is defined as
det(TI‘B/A(bibj)).

2.3.2. Proposition. If ¢; € B and ¢; = Y a;;b;, a;; € A, then D(cy, ...,c,) =
(det(a;;))* D(by, ..., by).

Proof. (c;)" = (aij)(b;)", (crcr) = (cp)'(cr) = (ari)(bibj)(ar;)",
(Tr(ckcr)) = (ari)(Tr(b;b;))(a;)'.

2.3.3. Definition. The discriminant Dp,4 of B over A is the principal ideal of A
generated by the discriminant of any basis of B over A.

2.3.4. Proposition. Let D, 4 #0. Let B beanintegraldomain. Thenaset by, ..., b,
is a basis of B over A iff D(by, ...,b,)A=Dp/a.

Proof. Let D(by, ...,b,)A = Dp,a. Let ¢y, ...,c, be abasis of B over A and
let b; = > aije;. Then D(by, ...,b,) = det(a;;)*D(ci, ...,¢,). Denote d =
D(cy, ..., cn).

Since D(by, ...,b,)A = D(cy, ...,cn)A, we get aD(by, ...,b,) = d for some
a € A. Then d(1 — adet(a,-j)z) =0 and det(a;;) is invertible in A, so the matrix (a;;)
is invertible in the ring of matrices over A. Thus by, ..., b, is a basis of B over A.
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2.3.5. Proposition. Let F' be a finite field or a field of characteristic zero. Let L be
an extension of F' of degree n and let oy, ...,o0, be distinct F-homomorphisms of
L into C. Let by, ...,b, beabasisof L over F'. Then

D(by, ... ,b,) = det(c;(b;))* #0.

Proof. det(Tr(b;b;)) = det(S>,, ok(b)oi(b;)) = det((o(b:) ((b;))) = det(e;(b;)>.
If det(c;(b;)) = 0, then there exist a; € L not all zero such that ) . a;0;(b;) =0 for
all j. Then ), a;0;(b) =0 forevery b € L.

Let > alo;(b) = 0 for all b € L with the minimal number of non-zero a} € A.
Assume a #O0.

Let ¢ € L be such that L = F'(c) (see 1.2.5), then o(c) # o;(c) for i > 1.

We now have > alo;(bc) = > alo;(b)o;(c) = 0. Hence o1(c)(}_ aloi(b))—>_ ato;(b)o(c) =
Y is1 a5(01(c) — 04(0)os(b) = 0. Put aj = aj(o1(c) — oi(c)), so Y ajo;i(b) =0 with
smaller number of non-zero a; than in a}, a contradiction.

Corollary. Under the assumptions of the proposition the linear map L — Hom g (L, F'):
b — (c — Trp,p(bc)) between n-dimensional F'-vector spaces is injective, and hence
bijective. Therefore for a basis by, ...,b, of L/F thereisadual basis ¢y, ...,¢, of
L/F, i.e. TI'L/F(b,‘Cj) = 5”

Proof. If b =73 a;b;, a; € F and Try/p(bc) = 0 forall c € L, then we get equations
> a; Try, /F(bib;) = 0 — this is a system of linear equations in a; with nondegenerate
matrix Try,g(b;0;), so the only solution is a; = 0. Elements of the dual basis c;
correspondto f; € Homp(L, F), f;(b;) = d;;.

2.3.6. Theorem. Let A be an integrally closed ring and F' be its field of fractions. Let
L be an extension of F' of degree n and A’ be the integral closure of A in L. Let F’
be of characteristic 0. Then A’ isan A-submodule of a free A-module of rank n.

Proof. Let ey, ...,e, beabasisof F'-vectorspace L. Then dueto Example 5in2.1.1
there is 0 # a; € A such that a;e; € A’. Then for a = [[a; we get b; = ae; € A’
form a basis of L/F.

Let ¢y, ...,c, be the dual basis for by, ...,b,. Claim: A" C > c¢;A. Indeed, let
c=> ajc; € A’. Then

Try p(ch;) = Zaj Trp p(cjbi)=a; € A
J
by 2.2.5. Now > ¢;A = ®¢; A, since {c;} is abasis of L/F.

2.3.7. Theorem (on integral basis). Let A be a principal ideal ring and F' be its
field of fractions of characteristic 0. Let L be an extension of F' of degree n. Then
the integral closure A’ of A in L is afree A-module of rank n.
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In particular, the ring of integers O of a number field F' is a free Z-module of
rank equal to the degree of F'.

Proof. The description of modules of finite type over PID and the previous theorem
imply that A’ is a free A-module of rank m < n. On the other hand, by the first part
of the proof of the previous theorem A’ contains n A-linear independent elements
over A. Thus, m =n.

Definition. The discriminant d of any integral basis of O is called the discriminant
of F'. Since every two integral bases are related via an invertible matrix with integer
coefficients (whose determinant is therefore +1), 2.3.2 implies that dr is uniquely
determined.

2.3.8. Examples. 1. Let d be a square-free integer. By 2.1.5 the ring of integers of
Q(/d) has an integral basis 1,« where oo =v/d if D #1 mod 4 and « = (1 +\/E)/2
if d=1 mod 4.

The discriminant of Q(/d) is equal to

4d if d#1 mod 4, andd if d=1 mod4 .

To prove this calculate directly D(1, ) using the definitions, or use 2.3.9.
2. Let F' be an algebraic number field of degree n and let a € F' be an inte-

gral element over Z. Assume that D(1,a, ...,a™ ') is a square free integer. Then
l,a, ...,a" ! is a basis of Op over Z, so Op = Z[a]. Indeed: choose a ba-
sis by, ...,b, of Op over Z and let {ci, ...,c,} = {l,a,...,a™ '}, Let ¢; =
> a;jb;. By 23.2 we have D(l,a, ...,a"" 1) = (det(a;;)*D(by, ...,b,). Since
D,a, ... ,a" N isa square free integer, we get det(a;;) = £1, so (a;;) is invertible
in M, (Z), and hence 1,a, ...,a""! is a basis of Op over Z.

2.3.9. Example. Let F be of characteristic zero and L = F'(b) be an extension of
degree n over F'. Let f(X) be the minimal polynomial of b over F' whose roots are
b;. Then
F&) =[x =bp,  f®)=]]®: b)),
JF
Nepf'®) =] feby =] F®o

Then
D(1,b, ..., b" 1) = det(b))?

= (=D DT = by) = (D™ DN p(f/ (b))
i
Let f(X)=X"+aX +c. Then

V'=—ab—c, b l=—a—cb!
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and
e=f'by=nb""+a=n(—a—cb Y +a,
)
b=—ncle+(n — l)a)*l.

The minimal polynomial g(Y) of e over F' corresponds to the minimal polynomial
f(X) of b; itis the numerator of ¢~ ! f(—nc(y + (n — Da)™ 1), ie.

g = +(n—1Da)" —naY +(n — l)a)”_l " (_l)nnncn—l'

Hence
Npyr(f'(0) = g(0)(—=1)"
=n"c" "+ (1) (0 — D" e,
SO
D(,b, ...,b0"

= (_1)”(71*1)/2(“”0”*1 + (—l)nil(n _ l)nflan)'

For n =2 one has a® — 4c, for n =3 one has —27¢% — 4a°.

For example, let f(X)= X3+ X + 1. Itis irreducible over Q. Its discriminant is
equal to (—31), so according to example 2.5.3 Op = Z[a] where a is a root of f(X)
and ' = Q[a].

2.4. Cyclotomic fields

2.4.1. Definition. Let ¢, be a primitive nth root of unity. The field Q(¢,,) is called
the (n th) cyclotomic field.

2.4.2. Theorem. Let p be a prime number and z be a primitive pth root of unity. The
cyclotomic field Q((,) is of degree p — 1 over Q. Its ring of integers coincides with

Z[Gp).

Proof. Denote z = (,. Let f(X)=(X?—-1)/(X —1)= XP~1 4+ ... 4+1. Recall that
z — 1 is a root of the polynomial g(Y)= f(1+Y)=YP"1+ ... +p isa p-Eisenstein
polynomial, so f(X) is irreducible over Q, |Q(2) : Q| =p—1and 1,2, ...,2P72 is
a basis of the QQ-vector space Q(2).

Let O be the ring of integers of (Q(z). Since the monic irreducible polynomial
of z over Q has integer coefficients, z € O. Since z~! is a primitive root of unity,
z~1 € O. Thus, z is a unit of O.

Then 2* € O forall i € Z (2~ = 2P~1). Wehave 1 —2° = (1—2)(1+ ---+2"" 1) €
(1 —2)0.
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Denote by Tr and N the trace and norm for Q(z)/Q. Note that Tr(z) = —1 and
since z' for 1 < i < p—1 are primitive p throots of unity, Tr(z%) = —1; Tr(1) = p—1.
Hence

Tr(l —2)=p for1<i<p—1.

Furthermore, N(z—1) is equal to the free term of g(Y) times (=P so N(z—1) =
(—1)?~1p and
Nd-2= ][] a-zH=p,
1<i<p—1

since 1 — z* are conjugate to 1 — z over Q. Therefore pZ is contained in the ideal
I=(010-20nZ%Z. ‘

If I =7, then 1 — z would be a unit of O and so would be its conjugates 1 — z*,
which then implies that p as their product would be aunitof O. Then p~! € ONQ = Z,
a contradiction. Thus,

I=(1-20NZ=pZ.
Now we prove another auxiliary result:
Tr((1 — 2)0O) C pZ.

Indeed, every conjugate of y(1 —z) for y € O is of the type y;(1 —2") with appropriate
y; € O, so Tr(y(1 — 2)) = > y;(1 — 2%) € I = pZ.

Now let x = Zogigp—z a;z" € O with a; € Q. We aim to show that all a; belong
to Z. From the calculation of the traces of z* it follows that Tr((1 —z)z) = ag Tr(1—2)+
D 0cicp2 i Tr(z* — 2*1) = app and so agp € Tr((1 — 2)O) C pZ; therefore, ag € Z.
Since z isaunitof O, wededucethat z; = 2~ (z—ag) = a;+arz+ - - ‘+ap,2zp_3 € 0.
By the same arguments a; € Z. Looking at x; = 2N x;—1 —a;—1) € O we conclude
a; € Z forall ¢. Thus O =Z][z].

2.4.3. The discriminant of O/Z is the ideal of Z generated by D(1, z, o, 2P
which by 2.3.9 is equal (—1)P~D®=2/2N(f/(2)). We have f'(z) = pzP~1/(z — 1) =
pz~!/(z = 1) and N(f'(2)) = N(p)N(2)~' /N(z — 1) = pr~ ' (=DP~ 1 /(—=1)P"'p) =
pp_z. Thus, the discriminant of OZ is the principal ideal (—r—Dp-2)/2 pP27 =
pP=*7.

2.4.4. In general, the extension Q((,,)/Q is a Galois extension and elements of the
Galois group Gal(Q(¢,,)/Q) are determined by their action on the primitive m th root
Cm of unity:

0 i:0Cm)=Ch,  (Gm)=1.
This map induces a group isomorphism

Gal(Q((m)/Q) — (Z/mZ)*.
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One can prove that the ring of integers of Q((,,) is Z((m).
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3. Dedekind rings

3.1. Noetherian rings

3.1.1. Recall that a module M over a ring is called a Noetherian module if one of the
following equivalent properties is satisfied:

(i) every submodule of M is of finite type;

(ii) every increasing sequence of submodules stabilizes;

(iii) every nonempty family of submodules contains a maximal element with respect
to inclusion.

Aring A is called Noetherian if it is a Noetherian A-module.

Example. A PID is a Noetherian ring, since every ideal of it is generated by one
element.

Lemma. Let M bean A-module and N is asubmodule of M. Then M is a Noethe-
rian A-module iff N and M /N are.

Corollary 1. If N; are Noetherian A-modules, sois ®!* | V;.

Corollary 2. Let A be a Noetherian ring and let M be an A-module of finite type.
Then M is a Noetherian A-module.

3.1.2. Proposition. Let A be a Noetherian integrally closed ring. Let K be its field of
fractions and let L be a finite extension of K. Let A’ be the integral closure of A in
L. Suppose that K is of characteristic 0. Then A’ is a Noetherian ring.

Proof. Accordingto2.3.6 A’ is a submodule of a free A-module of finite rank. Hence
A’ is a Noetherian A-module. Every ideal of A’ is in particular an A-submodule of
A’. Hence every increasing sequence ideals of A’ stabilizes and A’ is a Noetherian
ring.

3.1.3. Example. The ring of integers O of a number field F' is a Noetherian ring.
Itis a Z-module of rank n where n is the degree of F'.

Every nonzero element of Op \ {0} factorizes into a product of prime elements and
units (not uniquely in general).

Indeed, assume the family of principal ideals (a) which are generated by elements
Or which are not products of prime elements is nonempty and then choose a maximal
element (a) in this family. The element a is not a unit, and A isn’t prime. Hence there
is a factorization a = be with both b, c € O%. Then (b), (c) are strictly larger than (a),
so b and c are products of prime elements. Then « is, a contradiction.
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3.2. Dedekind rings

3.2.1. Definition. An integral domain A is called a Dedekind ring if
(i) A is a Noetherian ring;
(i1) A is integrally closed,;
(iii) every non-zero (proper) prime ideal of A is maximal.

Example. Every principal ideal domain A is a Dedekind ring.

Proof: for (i) see 3.1.1 and for (ii) see 2.1.4. If (a) is aprimeideal and (a) C (b) # A4,
then b isn’t a unit of A and b divides a. Write a = be. Since (a) is prime, either
b or c belongs to (a). Since b doesn’t, ¢ must belong to (a), so ¢ = ad for some
d € A. Therefore a = bc = bda which means that b is a unit of A, a contradiction.
Thus, property (iii) is satisfied as well.

3.2.2. Lemma. Let A be an integral domain. Let K Dbe its field of fractions and let
L be a finite extension of K. Let B be the integral closure of A in L. Let P bea
non-zero prime ideal of B. Then P N A is a non-zero prime ideal of A.

Proof. Let P be a non-zero prime ideal of B. Then PN A # A, since otherwise
1 € PN A and hence P = B.

If c,d € A and c¢d € PN A, theneither c€ PN A ord e PN A. Hence PN A
is a prime ideal of A.

Let b € P, b #0. Then b satisfies a polynomial relation b"+a,,_1b" '+ - - -+ag =0
with a; € A. We can assume that ag 0. Then a9 = —(0"+ ---+a1b) € AN P, so
P N A is anon-zero prime ideal of A.

3.2.3. Theorem. Let A be a Dedekind ring. Let K be its field of fractions and let L
be a finite extension of K. Let B be the integral closure of A in L. Suppose that K
is of characteristic 0. Then B is a Dedekind ring.

Proof. B is Noetherian by 3.1.2. It is integrally closed due to 2.1.6. By 3.2.2 if P is
a non-zero proper prime ideal of B, then P N A is a non-zero prime ideal of A. Since
A is a Dedeking ring, it is a maximal ideal of A. The quotient ring B/P is integral
over the field A/(P N A). Hence by 2.1.7 B/P is afield and P is a maximal ideal of
B.

3.2.4. Example. The ring of integers O of a number field F' is a Dedekind ring.
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3.3. Factorization in Dedekind rings

3.3.1. Lemma. Every non-zero ideal in a Dedekind ring A contains some product of
maximal ideals.

Proof. If not, then the set of non-zero ideals which do not contain products of maximal
ideals is non-empty. Let I be a maximal element with this property. The ideal I
isn’t maximal, since it doesn’t contain a product of maximal ideals. Therefore there
are a,b € A such that ab € I and a,b ¢ I. Since I +aA and I +bA are strictly
greater than I, there are maximal ideals P; and ), such that [[P; C I +aA and
[IQ; CI+bA. Then [[P[[Q; C (I +aA)I +bA) C I, acontradiction.

3.3.2. Lemma. Let a prime ideal P of A contain I...I,,, where I; are ideals of
A. Then P contains one of I;.

Proof. If I, ¢ P forall 1 < k < m, thentake a; € I} \ P and consider the product
aj ...an,. Itbelongs to P, therefore one of a; belongs to P, a contradiction.

3.3.3.  The next proposition shows that for every non-zero ideal I of a Dedekind ring
A there is an ideal J such that I.J is a principal non-zero ideal of A. Moreover, the
proposition gives an explicit description of J.

Proposition. Let I be a non-zero ideal of a Dedekind ring A and b be a non-zero
element of 7. Let K be the field of fractions of A. Define

J={ae€ K :al CbA}.
Then J isanideal of A and I.J = bA.

Proof. Since b € I, we get bA C 1.

If a € J then al C bA C I, so al C I. Now we use the Noetherian and integrality
property of Dedekind rings: Since [ is an A-module of finite type, by Remark in 2.1.1
a is integral over A. Since A is integrally closed, a € A. Thus, J C A.

The set J is closed with respect to addition and multiplication by elements of A,
so J is an ideal of A. Itis clear that IJ C bA. Assume that IJ # bA and get a
contradiction.

The ideal b='1.J is a proper ideal of A, and hence it is contained in a maximal
ideal P. Note that b € J, since bl C bA. So b*> € IJ and b€ b~'1.J, bAC b~ '1J.
By 3.3.1 there are non-zero prime ideals P; such that P; ... P,, C bA. Let m be the
minimal number with this property.

We have

P ...P,CbACb 'IJCP
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By 3.3.2 P contains one of P;. Without loss of generality we can assume that P; C P.
Since P; is maximal, P = P.

If m=1,then PCbACb'IJcC P,so P=0bA. Since bAC I we get P C [.
Since P is maximal, either [ = P or I = A. The definition of J implies in the first
case J ={a € K:al =aP C bA=P} =A and IJ = bA and in the second case
be J implies bA C J ={a € K : aA C bA} C {a € K : a € bA} = bA and so
J=bA and IJ =bA.

Let m > 1. Note that P> ... P,, ¢ bA due to the definition of m. Therefore,
there is d € P, ... P,, such that d ¢ bA. Since b='IJ c P, db='IJ C dP C
PP,...P,, C bA. So (db~'J)I C bA, and the defining property of J implies that
db=1'J c J. Since J is an A-module of finite type, by 2.1.1 db—! belongs to A4, i.e.
d € bA, a contradiction.

3.3.4. Corollary 1 (Cancellation property). Let I,.J, H be non-zero ideals of A,
then TH = JH implies I = J.

Proof. Let H' be an ideal such that HH’ = aA is a principal ideal. Then al = a.J
and I =J.

3.3.5. Corollary 2 (Factorization property). Let 7 and J be ideals of A. Then
I c Jifandonlyif I =JH foranideal H.

Proof. If I C J and J is non-zero, then let J’ be an ideal of A such that JJ' = aA
is a principal ideal. Then I.J’ C aA, so H =a~'I.J’ is an ideal of A. Now

JH=Ja ' 17 =a ' 1J) =a tal = 1.

3.3.6. Theorem. Every proper ideal of a Dedekind ring factorizes into a product of
maximal ideals whose collection is uniquely determined.

Proof. Let I be a non-zero ideal of A. There is a maximal ideal P; which contains
I. Then by the factorization property 3.3.5 I = P;@Q; for some ideal (J;. Note
that I C @ is a proper inclusion, since otherwise AQ = @Q; = I = PiQ; and by
the cancellation property 3.3.4 P; = A, a contradiction. If @)1 # A, then there is a
maximal ideal P, such that ) = P,(Q),. Continue the same argument: eventually we
have I=P;...P,Q, and I C Q| C --- C @, are all proper inclusions. Since A is
Noetherian, @Q,, = A for some m andthen [ = P ... P,,.

If P...Pp,=0Q...Qn, then P D @;...Q, and by 3.3.2 P; being a prime
ideal contains one of ();, so P; = ;. Using 3.3.4 cancel P; on both sides and use
induction.

3.3.7. Remark. A maximal ideal P of A is involved in the factorization of I iff
I CP.
Indeed, if I C P, then I = PQ by 3.3.5.
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3.3.8. Example. Let A= Z[v/—5]. This is a Dedekind ring, since —5 # 1 mod 4,
and A is the ring of integers of Q(v/—5).

We have the norm map N(a + by/—5) = a? + 5b*. If an element u is a unit of A
then uv = 1 for some v € A, and the product of two integers N(u) and N(v) is 1,
thus N(u) = 1. Conversely, if N(u) =1 then u times its conjugate u’ is one, and so
w is a unit of A. Thus, u € A™ iff N(u) € Z*.

The norms of 2,3,1 4+/—=5 are 4,9,6. It is easy to see that 2,3 are not in the
image N(A).

If, say, 2 were not a prime element in A, then 2 = w7 and 4 = N(w)N(m)
with both norms being proper divisors of 4, a contradiction. Hence 2 is a prime element
of A, and similarly 3,1 + V=5 are.

Now 2,3,14+/—5 are prime elements of A and

6=2-3=(1+vV=5)(1—vV-5).

Note that 2,3,1 £+/—5 are not associated with each other (the quotient is not a unit)
since their norms differ not by a unit of Z. Thus A isn’t a UFD.
The ideals

(2,1+vV=5),3,1+vV=5),(3,1 —vV/—=53)

are maximal.
For instance, |A/(2)| = 4, and it is easy to show that A # (2,1 ++/—5) # (2), so
|A/(2,1++/=5)| =2, therefore A/(2,1++/—5) is isomorphic to Z/27Z, i.e. is a field.
We get factorization of ideals

(2)= (2, 1+V=57,
3) =G, 1+V-=5@3,1-v-5),
A+v-=5=2,1+vV-=5@3,1+vV-5),
1-v-=-5=2,1+v-5@3,1—-v-5).
To prove the first equality note that (1 ++/—5)> = —4 +2/=5 € (2), so the
RHS c LHS; we also have 2 = 2(1 +v/—5) — 22 — (1 +v/—5)* €RHS, so LHS =RHS.
For the second equality use (1+v/—5)(1—v—-5)=6€ (3), 3= 32— (1+vV/=5)(1 —
v —5) e RHS.
For the third equality use 6 € (1+v/—5), 1+v/—5 =3(1+/—5)—2(1+v—5) € RHS.
For the fourth equality use conjugate the third equality and use (2,1 ++/—5) =
2,1 —v/-=5).
Thus
2)-3) =2, 1+V=53,1+V=5)3,1 —V-5)
=2,1+v-53G,1+v-52,1+v-53,1 —v-=5)
= (1+vV=5)1 —V-5).
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3.3.9. Lemma. Let T+ J=A. Then I™ + J™ = A forevery n,m > 1.

Proof. Wehave A=+ J)...d+)H)=I1C.)+J™ CcI+J™ soI+J™=A.
Similarly I +J™ = A.

Proposition. Let P be a maximal ideal of A. Then there is an element = € P such
that

P=wA+P"

for every n > 2.

Hence the ideal P/P™ is a principal ideal of the factor ring A/P™. Moreover, it
is the only maximal ideal of that ring.

Every ideal of the ring A/P™ is principal of the form P™/P"™ = (™ A+ P™)/P"
for some m < n.

Proof. If P = P2, then P = A by cancellation property, a contradiction. Let 7 €
P\ P2. Since mA + P" C P, factorization property implies that 7A + P™ = PQ for
an ideal Q.

Note that Q ¢ P, since otherwise 7 € P2, a contradiction.

Therefore, P+ Q = A. The Lemma implies P"~! + Q = A. Then

P=PQ+P"YYCcPQ+P"=nA+P"C P,

so P=mA+ P™.

For m < n we deduce P™ C ™A+ P" C P™, so P =7"A+ P".

Let I be a proper ideal of A containing P™. Then by factorization property
P™ = I K with some ideal K. Hence the factorization of I involves powers of P
only,so I = P™, 0 < m < n. Hence ideals of A/P™ are P™/P"™ with m < n.

3.3.10. Corollary. Every ideal in a Dedekind ring is generated by 2 elements.

Proof. Let I be a non-zero ideal, and let a be a non-zero element of I. Then
aA =P/ ... P with distinct maximal ideals P;.
By Lemma 3.3.9 we have Plnl + P = A if | # k, so we can apply the Chinese
remainder theorem which gives
AJaA~ A/P[" x - x A/P}m.
For the ideal I/aA of A/aA we get
I/CLA ~ (I+P1”l)/P1”1 X oo X (I+P7:L’L’"L)/Przm'

Each of ideals (I + P[*")/ P is of the form (' A+ P!)/P" by 3.3.9. Hence I/aA
is isomorphic to [[(7'* A + P")/P/. Using the Chinese remainder theorem find
b € A such that b — 7' belongs to P/ forall i. Then I/aA = (aA+bA)/aA and
I =aA+0bA.
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3.3.11. Theorem. A Dedekind ring A isa UFD if and only if A isaPID.

Proof. Let A be not a PID. Since every proper ideal is a product of maximal ideals,
there is a maximal ideal P which isn’t principal. Consider the family J of non-zero
ideals I such that PI is principal. It is nonempty by 3.3.5. Let I be a maximal
element of this family and PI = aA, a #O0.

Note that [ isn’t principal, because otherwise I = A and PI = xP = aA, so
a is divisible by x. Put y = ax~ 1, then (x)P = (x)(y) and by 3.3.4 P = (y), a
contradiction.

Claim: a is a prime element of A. First, a is not a unit of A: otherwise
P D PI =aA = A, acontradiction. Now, if a = be, then bc € P, so either b € P or
¢ € P. By 3.3.5 then either bA = PJ or cA = PJ for an appropriate ideal J of A.
Since PI C PJ, weget al =PI C IPJ =aJ and I C J. Note that J € . Due
to maximality of / we deduce that I = .J, and hence either bA or cA is equal to aA.
Then one of b, ¢ is asociated to a, so « is a prime element.

P ¢ aA, since otherwise aA = PI C al, so A =1, acontradiction.

I ¢ aA, since otherwise aA C I implies aA = I, I is principal, a contradiction.

Thus, there are d € P and e € I not divisible by a. We also have ed € PI = aA
is divisible by the prime element a. This can never happen in UFD. Thus, A isn’t a
UFD.

Using this theorem, to establish that the ring Z[+/—5] of 3.3.8 is not a unique
factorization domain it is sufficient to indicate a non-principal ideal of it.

3.4. The norm of an ideal

In this subsection F' is a number field of degree n, O is the ring of integers of F'.

3.4.1. Proposition. For a non-zero element a € Op
|OF : CLOF| = |NF/Q(CL)|.

Proof. We know that O is a free Z-module of rank n. The ideal aOF is a free
submodule of Op of rank n, since if xy, ...,x, are generators of aOp, then
a~lzy,...,a" 'z, are generators of O, so m =n. By the theorem on the structure
of modules over principal ideal domains, there is a basis ay, ..., a, of Op such that
eray, ...,enay, is a basis of aOp with appropriate ej|...|e,. Then Op/aOF is
isomorphic to [[Z/e;Z, so |Op : aOp| =[] |e;|. By the definition Np,g(a) is equal
to the determinant of the matrix of the linear operator f : O — O, b — ab. Note
that aOp has another basis: aay, ...,aa,, so (aay, ...,aa,) =(ejay, ...,epa,)M
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with an invertible matrix M with integer entries. Thus, the determinant of M is £1
and Np/g(a) isequal to +]]e;.

3.4.2. Corollary. |Op : aOp| = |a|™ for every non-zero a € Z.

Proof. Npg/g(a)=a".

3.4.3. Definition. The norm N([I) of a non-zero ideal I of O isits index |Op : I|.

Note that if 7 # 0 then N(J) is a finite number.
Indeed, by 3.4.1 N(aOr) = |[Np/g(a)| for anon-zero a which belongs to I. Then
aOp C I and N(I) < N(aOFf) = |[Np/g(a).

3.4.4. Proposition. If I, J are non-zero ideals of O, then N(IJ) = N(I)N(J).

Proof. Since every ideal factors into a product of maximal ideals by 3.3.6, it is sufficient
to show that N(/P) = N(I)N(P) for a maximal ideal P of Op.

The LHS = |Op : IP| = |Op : I||I : IP|. Recall that P is a maximal ideal of
Op, so Op/P is a field.

The quotient I/IP can be viewed as a vector space over O /P. Its subspaces
correspond to ideals between /P and I according to the description of ideals of the
factorring. If TP C J C I, thenby 3.3.5 J = IQ foranideal Q of Op.

By 3.3.3 there is a non-zero ideal I’ such that I’ is a principal non-zero ideal
aOp. Then IP C IQ implies aP C a@ implies P C . Therefore either Q) = P
and then J =IP or ) = Op and then J = I. Thus, the only subspaces of the vector
space I/IP are itself and the zero subspace IP/IP. Hence I/IP is of dimension
one over Op /P and therefore |I : [P|=|Op : P|.

3.4.5. Corollary. If I is a non-zero ideal of Or and N(I) is prime, then I is a
maximal ideal.

Proof. If I = JK, then N(J)N(K) is prime, so, say, N(J)=1 and J =Op. So I
has no proper prime divisors, and therefore is a maximal ideal.

3.5. Splitting of prime ideals in field extensions

In this subsection F' is a number field and L is a finite extension of F'. Let O and
Oy, be their rings of integers.
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3.5.1. Proposition-Definition. Let P be a maximal ideal of O and @ a maximal
ideal of Oy. Then @ issaid to lie over P and P is said to lie under @ if one of the
following equivalent conditions is satisfied:

(i) POr C Q;

(i) P C Q;

(iii)) QN Op = P.

Proof. (i) is equivalent to (ii), since 1 € Op. (ii) implies @ N O contains P, so
either Q N Op = P or Q N Or = Op, the latter is impossible since 1 ¢ Q. (iii)
implies (ii).

3.5.2. Proposition. Every maximal ideal of O, lies over a unique maximal ideal P of
Op. For amaximal ideal P of Op theideal POy, is a proper non-zero ideal of Oy,.
Let POy, =[] Q; be the factorization into a product of prime ideals of Oy,. Then Q;
are exactly those maximal ideals of O which lie over P.

Proof. The first assertion follows from 3.2.2.

Note that by 3.3.3 for b € P\ P? there is an ideal J of O such that P.J = bOp.
Then J ¢ P, since otherwise b € P2, a contradiction. Take an element ¢ € J \ P.
Then c¢P C bOp.

If PO, = Op, then cOp, = ¢cPOy C b0y, so = OrNF = Of and
¢ € bOp C P, acontradiction. Thus, POy, is a proper ideal of Oyp,.

According to 3.5.1 a prime ideal @) of Oy lies over P iff POy C () which is
equivalent by 3.3.7 to the fact that () is involved in the factorization of POy,.

3.5.3. Lemma. Let P be a maximal ideal of O which lie under a maximal ideal @
of Or. Then the finite field Og /P is a subfield of the finite field O /Q.

Proof. Op/Q is finite by 3.4.3. The kernel of the homomorphism Opr — O /Q is
equalto QN Op = P, so Op/P can be identified with a subfield of O /Q.

3.5.4. Corollary. Let P be a maximal ideal of Or. Then P NZ = pZ for a prime
number p and N(P) is a positive power of p.

Proof. P NZ = pZ for a prime number p by 3.2.2. Then Or/P is a vector space
over Z/pZ of finite positive dimension, therefore |Op : P| is a power of p.

3.5.5. Definition. Let a maximal ideal P of Op lie under a maximal ideal () of
Or. The degree of Op/Q over Op/P is called the inertia degree f(Q|P). If
PO =1[ Q5" is the factorization of PO;, with distinct prime ideals @Q; of Oy, then
e; is called the ramification index e(Q;|P).
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3.5.6. Lemma. Let M be a finite extension of L and P ¢ Q € R be maximal
ideals of Or, O and O,; correspondingly. Then f(R|P) = f(Q|P)f(R|Q) and
e(R|P) = e(Q|P)e(R|Q).

Proof. The first assertion follows from 1.1.1. Since PO = Q°@IP) . .. | we get
POy = Q@(Q\P)OM J— (QOM)E(Q\P) R (RE(R|Q))6(Q\P) ..., so the second
assertion follows.

3.5.7. Theorem. Let @y, ... Q,, be different maximal ideals of Oy which lie over a
maximal ideal P of Op. Let n=|L : F|. Then

m

S e@QilP) (@il P) = n.

i=1

Proof. We consider only the case F' = Q. Apply the norm to the equality pO; =
[1Q;‘. Thenby3.4.2,3.44

3.5.8. Example. One candescribe in certain situations how a prime ideal (p) factorizes
in finite extensions of QQ, provided the factorization of the monic irreducible polynomial
of an integral generator (if it exists) modulo p is known.

Let the ring of integers O of an algebraic number field F' be generated by one
element a: Op = Z[a], and f(X) € Z[X] be the monic irreducible polynomial of «
over Q.

Let f;(X) € Z[X] be monic polynomials such that

O = [[ Fi0)" € Fy[X]

i=1

is the factorization of f(X ) where E(X ) is an irreducible polynomial over [F,,. Since
Or ~Z[X]/(f(X)), we have

Or/(p) ~ ZIX]1/(p, f(X)) ~ Fp[X1/(f(X)),
and
Or/(, fi(e) =~ ZIX1/(p, f(X), fi(X)) = F,[X1/(f:(X)).

Putting P; = (p, fi(a)) we see that O /P; is isomorphic to the field F,[X]/ (fi(X)),
hence P; is a maximal ideal of O dividing (p). We also deduce that

N(P)) = pl]Fp[X]/(E(X))inI - pdegﬁ‘
Now [[ P’ = [, fi(@)® C pOp, since [] fi(a)* — f(a) € pOp. We also

get N([[ P = pz cideg fi _ p" = N(pOp). Therefore from 3.5.7 we deduce that
(p) = [112, PF* is the factorization of (p).
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So we have proved

Theorem. Letthe ring of integers O of an algebraic number field F' be generated by
one element a: O = Z[«], and f(X) € Z[X] be the monic irreducible polynomial
of o over Q. Let f;(X) € Z[X] be irreducible polynomials such that

O = [ Fi0)" € FylX]
i=1
is the factorization of f(X) where f;(X) is an irreducible polynomial over Fy.
Thenin Of

m

@ =]]F"

i=1
where P; = (p, f;(«)) is @ maximal ideal of O with norm pdegﬁ.

Definition—-Example. Let F'=Q and L = Q(/d) with a square free integer d.

Let p be a prime in Z and let pOp, = HZZI Q;". Then there are three cases:

i) m=2, e;=ey=1, f(Q;|P)=1. Then pOr = Q1Q,, Q1 # Q. We say that
p splitsin L.

(i) m=1, e =2, f(Q|P)=1. Then pOr, = Q3. We say that p ramifiesin L.

(i) m=1, e; =1, f(Q1|P)=2. Then pOr, = Q);. We say that p remains prime
in L.

Using the previous theorem we see that p remains prime in O iff f is irreducible
over Fy,; p splits (pOp = Py ... P,,) iff f is separable and reducible, and p ramifies
(pOF = P°)iff f is a positive power of an irreducible polynomial over F,,.

3.5.9. In particular, if F' = Q(\/E) then one can take v/d for d Z 1 mod 4 and (1 +
Vd)/2 for d=1 mod 4 as a. Then f(X)=X?—-dand f(X)=X>-X+(1—d)/4
resp.

We have X2 — X + (1 —d)/4 = 1/4(Y? —d) where Y = 2X — 1, so if p is
odd (so the image of 2 is invertible in [F},), the factorization of f(X) corresponds to
the factorization of X2 — d independently of what d is. The factorization of X2 — d
certainly depends on whether d is a quadratic residue modulo p, or not.

For p=2 f(X)=(X —d)? € F5[X] and f(X)=X?>+X +(1 —d)/4 € F>[X]
resp.

Thus, we get

Theorem. If p is odd prime, then
p splitsin L = Q(/d) iff d is a quadratic residue mod p.
p ramifies in L iff d is divisible by p.
p remains prime in L iff d is a quadratic non-residue mod p.
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If p=2 then

if d=1 mod 8, then 2 splits in Q(/d),

if d£ 1 mod 4 then 2 ramifies in Q(/d);

if d=1 mod4,d# 1 mod 8 then 2 remains prime in Q(V/d).

3.5.10. Let p be an odd prime. Recall from 2.4.2 that the ring of integers of the
pth cyclotomic field Q((,) is generated by (. Its irreducible monic polynomial is
fX)=XP 4.y 1=(XP-1)/(X —1). Since X? —1=(X —1)» mod p we
deduce that (f(X),p) = (X — 1)»~1 p). Therefore by 3.5.8 p = ({, — 1)?~! ramifies
in Q((,)/Q. For any other prime [ one can show that the polynomial f(X) modulo [
is the product of distinct irreducible polynomials over IF;. Thus, no other prime ramifies

in Q(¢p)/Q.

3.6. Finiteness of the ideal class group

In this subsection O is the ring of integers of a number field F'.

3.6.1. Definition. Fortwo non-zeroideals I and J of O define the equivalence rela-
tion I ~ J if there are non-zero a,b € Op such that al = bJ. Classes of equivalence
are called ideal classes. Define the product of two classes with representatives [ and J
as the class containing /.J. Then the class of O (consisting of all nonzero principal
ideals) is the indentity element. By 3.3.3 for every non-zero I there is a non-zero J
such that IJ is a principal ideal, i.e. every ideal class is invertible. Thus ideal classes
form an abelian group which is called the ideal class group C'r of the number field F'.

The ideal class group shows how far from PID the ring Op is. Note that Cr
consists of one element iff O is a PID iff O is a UFD.

3.6.2. Proposition. There is a positive real number ¢ such that every non-zero ideal
of Op contains a non-zero element a with

|Nr/g(a)|] < cN).
Proof. Let n = |F : Q|. According to 2.3.7 there is a basis ay, ...,a, of the

Z-module Op which is also a basis of the Q-vector space F. Let oy, ...,0, be all
distinct Q-homomorphisms of F' into C. Put

O loiayl).

1 j=1

n n
C =

(2

Then ¢ > 0.
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For a non-zero ideal I let m be the positive integer satisfying the inequality
m"™ < N(I) < (m+ 1)". In particular, |Op : I| < (m+ 1)". Consider (m + 1)"
elements Z?zl mja; with 0 < m; < m, m; € Z. There are two of them which
have the same image in O /1. Their difference 0 # a = Z?:l nja; belongs to I and
satisfies |n;| < m.

Now

n n

|NF/Q(CL)| = H |Uia| = H | anaiaj| < H
j=1 ‘

n n
1=1 =l j= i=1

<Z |nj||aiaj|> <m"c < eN().

j=1
3.6.3. Corollary. Every ideal class of O contains an ideal J with N(J) < c.

Proof. Given ideal class, consider an ideal I of the inverse ideal class. Let a € I be as
in the theorem. By 3.3.3 thereis anideal J suchthat I.J = aOp, so (I)(J) = (aOp) =1
in C'r. Then J belongs to the given ideal class. Using 3.4.1 and 3.4.4 we deduce that
N()N(J) = NUIJ)= N(aOrf) = |Np/g(a)| < cN(I). Thus, N(J) < c.

3.6.4. Theorem. The ideal class group Cp is finite. The number |Cg| is called the
class number of F'.

Proof. By 3.5.4 and 3.5.2 for each prime p there are finitely many maximal ideals P
lying over (p), and N(P) = p™ for m > 1. Hence there are finitely many ideals
[1 P satisfying N(J[ Pf*) < c.

Example. The class number of Q(/—19) is 1, i.e. every ideal of the ring of integers
of Q(v/—19) is principal.

Indeed, by 2.3.8 we can take a; = 1, ap = (1 +/—19)/2 as an integral basis of the
ring of integers of Q(v/—19). Then

c=(1+[(1+v—=19)/2))(1+|(1 —vV—19)/2|) = 10.4... .

So every ideal class of OQ( /=T9) contains anideal J with N(J) < 10. Let J = [[ P
be the factorization of J, then N(F;) < 10 for every <.

By Corollary 3.5.4 we know that N(F;) is a positive power of a prime integer, say
p;. From 3.5.2 we know that P; is a prime divisor of the ideal (p;) of OQ( V/=T9)- So we
need to look at prime integer numbers not greater than 7 and their prime ideal divisors
as potential candidates for non-principal ideals. Now prime number 3 has the property
that -19 is a quadratic non-residue modulo them, so by Theorem 3.5.9 it remains prime
in Og(/~T9)-

Odd prime numbers 5, 7 have the property that -19 is a quadratic residue module
them, so by Theorem 3.5.9 they split in O v/=T9)- Itis easy to check that

5= ((1+vV=19)/2) (11 —V=19)/2),
7= (3 +vV-19)/2)(3 —V-19)/2)..
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Each of ideals generated by a factor on the right hand side is prime by 3.4.5, since its
norm is a prime number. So prime ideal factors of (5),(7) are principal ideals.
Finally, 2 remains prime in Og,/—g). as follows from 3.5.9.
Thus, Og/—1g, is a principal ideal domain.

Remark. The bound given by ¢ is not good in practical applications. A more refined
estimation is given by Minkowski’s Theorem 3.6.6.

3.6.5. Definition. Let F' be of degree n over Q. Let oy, ...,0, be all Q-homo-
morphisms of F' into C. Let

C—C

be the complex conjugation. Then 7 o ¢; is a QQ-homomorphism of F' into C, so it
is equal to certain 0. Note that o; = 7 0 0; iff 0;(f") C R. Let 1 be the number
of Q-homomorphisms of this type, say, after renumeration, oy, ...,0, . For every
i > 11 we have 7 oo; #0;, sowe can form couples (0,7 o o;). Then n — 7 is an
even number 2r;, and r{ + 21y = n.

Renumerate the o;’s so that 0yy,, = 70 0; for ri +1 < ¢ < 71 + 2. Define the
canonical embedding of F' by

ora — (o1(a), ...,004r,(a)) € R x C™, a€kF.

The field F' is isomorphic to its image o(F) C R™ x C™. The image o(F) is called
the geometric image of F' and it can be partially studied by geometric tools.

3.6.6. Minkowski’s Bound Theorem. Let F' be an algebraic number field of degree
n with parameters ry,r,. Then every class of Cr contains an ideal I such that its
norm N(I) satisfies the inequality

N < @/m)?n!/|dp|/n"
where d is the discriminant of F'.

Proof. Use the geometric image of F' and some geometric combinatorial considera-
tions. In particular, one uses Minkowski’s Lattice Point Theorem:

Let L be a free Z-module of rank n in an n-dimensional Euclidean vector space
V over R (then L is called a complete lattice in V). Denote by Vol (L) the volume
of the set

{a1€1+ cetape, :0<a; < 1}’

where e, ...,e, is a basis of L. Notice that Vol (L) does not depend on the choice
of basis.

Let X be a centrally symmetric convex subset of V. Suppose that Vol (X) >
2"Vol (L). Then X contains at least one nonzero point of L.
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3.6.7. Examples. 1. Let F = Q(v/5). Then r{ =2, 7, =0, n=2, |dp|=5.
@&/m"2n/|dp|/n" =21V5/2% = 1.1...,

so N(I) = 1 and therefore I = Op. Thus, every ideal of Op is principal and
Cr={1}.

2. Let F=Q(v/=5). Then 1 =0, m =1, n=2, |dp| =20, (2/7),/|20| < 3.
Hence, similar to Example in 3.6.4 we only need to look at prime numbers 2 (< 3) and
prime ideal divisors of the ideal (2) as potential candidates for non-principal ideals.

From 3.3.8 we know that (2) = (2, 1 +v/=5)? and 2 = N(2, 1 +v/=5). So the ideal
(2,1 ++/=5) is maximal by 3.4.5.

The ideal (2,1 ++/—5) is not principal: Indeed, if (2,1 ++/—5) = aOy, then
2 =N@Q,1+v=5) = N@Op) = |Npp(@)|. If a =c+dy=5 with ¢,d € Z we
deduce that ¢? + 5d? = £2, a contradiction.

We conclude that CQ W) is a cyclic group of order 2.

3. Let F = Q(/14). Then r; =2, 1 =0, n=2, |dg| =56 and (1/2)V/56 =
3.7... < 4. So we only need to inspect prime ideal divisors of (2) and of (3).

Now 2 = (4+v14)(4 —/14), 50 (2) = (4+V/14)(4 —V/14). Since N(4£v/14) =2,
3.4.5 implies that the principal ideals (4 ++v/14), (4 —+/14) are prime.

14 is quadratic non-residue modulo 3, so by Theorem 3.5.9 we deduce that 3
remains prime in Op. Thus, every ideal of the ring of integers of Q(v/14) is principal,
Cowm = {1}

4. Tt is known that for negative square-free d the only quadratic fields Q(v/d) with
class number 1 are the following:

QW—-1, QW=-2), QW-3), QW-7), QK/—I1),
QW-19), QW/-43), QW-67), QW—-163).

For d > 0 there are many more quadratic fields with class number 1. Gauss
conjectured that there are infinitely many such fields, but this is still unproved.

3.6.8. Now we can state one of the greatest achivements of Kummer.

Kummer’s Theorem. Let p be an odd prime. Let F' = Q(¢,) be the pth cyclotomic
field.
If p doesn’tdivide |C'r|,
or, equivalently, p does not divide numerators of (rational) Bernoulli numbers
By, By, ..., B,_3 given by
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then the Fermat equation
XP+YP=2P
does not have positive integer solutions.

Among primes < 100 only 37, 59 and 67 don’t satisfy the condition that p does
not divide |Cr|, so Kummer’s theorem implies that for any other prime number smaller
100 the Fermat equation does not have positive integer solutions.

3.7. Units of rings of algebraic numbers

3.7.1. Definition. A subgroup Y of R" is called discrete if for every bounded closed
subset Z of R™ the intersection Y N Z is finite.

Example: points of R™ with integer coordinates form a discrete subgroup.

3.7.2. Proposition. Let Y be a discrete subgroup of R™. Then there are m linearly

independent over R vectors yi, ...y, € Y suchthat yq, ..., y,, isa basis of the
Z-module Y.
Proof. Let xy, ...,x,, be a set of linearly independent elements in Y over R with

the maximal m. Denote

L={:U6R”::U=Zciazi:0<ci< 1}.
i=1
The set L is bounded and closed, so L NY is finite. For y € Y write y = Z:Zl b;x;
with b; € R. Define

e=y— ) [bilei=) (b — b € LNY.

Hence the group Y is generated by the finite set L NY and {z;}, and Y is finitely
generated as a Z-module.

Since the torsion of Y is trivial, the main theorem on the structure of finitely
generated modules over principal ideal domains implies the assertion of the proposition.

3.7.3. Dirichlet’s Unit Theorem. Let F' be a number field of degree n, ri +2r, = n.
Let O be its ring of integers and U be the group of units of Or. Then U is the
direct product of a finite cyclic group 7" consisting of all roots of unity in F' and a free
abelian group U; of rank r{ +1ry — 1:

U~Tx U ~T x Z*2=1,

A basis of the free abelian group U, is called a fundamental system of units in Op.
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Proof. Consider the canonical embedding o of F' into R™ x C"2. Define

f:0p \ {0} — R
f@) = (log|o1(@)], ...,log|oy, (@)],log(|or+1(@)[?), - .., 10g(|Ts +ry (2)]7)).

The map f induces a homomorphism ¢g: U — R"1*72,

We now show that g(U) is a discrete group. Let u € g‘l(Z) and Z be a bounded
set. Then there is ¢ suchthat |o;(u)| < ¢ forall i. The coefficients of the characteristic
polynomial ¢, (X) = H?:1(X — 0;(uw)) of w over F' being functions of o;(u) are
integers bounded by max(c”,nc”~!, ...), so the number of different characteristic
polynomials of g~!(Z) is finite, and so is g~ 1(2).

Every finite subgroup of the multiplicative group of a field is cyclic by 1.2.4. Hence
the kernel of g, being the preimage of 0, is a cyclic finite group. On the other hand,
every root of unity belongs to the kernel of g, since mg(z) = g(z™) = g(1) = 0 implies
g(z) = 0 for the vector g(z). We conclude that the kernel of ¢ consists of all roots of
unity 7" in F'.

Since for u € U the norm Np g(u) = []oi(w), as the product of units, is a unit
in Z, it is equal to +1. Then []|o;(uw)| = 1 and log|oi(u)| + --- + log o, (u)] +
log(|oy +1(W)[*) + -+ +1og(|os4r,(w)|?) = 0. We deduce that the image g(U) is
contained in the hyperplane H C R"1*"2 defined by the equation y; + - - - + Yy 4r, = 0.
Since g_l(Z) is finite for every bounded set Z, the intersection g(U) N Z is finite.
Hence by 3.7.2 g(U) has a Z-basis {y;} consisting of m < r; + 7 — 1 linearly
independent vectors over Z. Denote by U; the subgroup of U generated by z; such
that g(z;) = y;; it is a free abelian group, since there are no nontrivial relations among
y;. From the main theorem on group homomorphisms we deduce that U/T ~ g(U)
and hence U = TU,. Since U; has no nontrivial torsion, TN U; = {1}. Then U asa
Z-module is the direct product of the free abelian group U; of rank m and the cyclic
group 1" of roots of unity.

It remains to show that m = r| +r, — 1, i.e. g(U) contains 7| +r, — 1 linearly
independent vectors. Put | = r| + 7. As an application of Minkowski’s geometric
method one can show that

for every integer k£ between 1 and [ there is ¢ > 0O such that for every non-zero
a € O \ {0} with g(a) = (o, ...,qq) there is a non-zero b = hi(a) € Op \ {0}
such that

|NF/Q(b)| <c¢ and g(b) =0, ...,0) with 8; < o; for i ?/k’

(for the proof see Marcus, Number Fields, p.144—145)

Fix k. Start with a; = a and construct the sequence a; = hi(aj_1) € Of for
j = 2. Since N(a;Or) = |Np/g(a;)| < c, in the same way as in the proof of 3.6.4
we deduce that there are only finitely many distinct ideals a;Or. So a;Of = a,OF
for some j < g < I. Then wuy = aqa;1 is a unit and satisfies the property: the ith
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coordinate of g(uy) = f(ay) — f(a;) = (oz(k) ...,agk)) is negative for i # k. Then
o) is positive, since 3, ! = 0.

This way we get [ units up, ...,u;. We claim that there are [ — 1 linearly
independent vectors among the images g(u;). To verify the claim it suffices to check
that the first [ — 1 columns of the matrix (agk )) are linearly independent.

If there were not, then there would be a non-zero vector (¢1, ...,t;_1) such that
Zl 1 ti a(k) =0 forall 1 < k < [. Without loss of generality one can assume that
there is iy between 1 and l— 1 such that ¢;; =1 and ¢; < 1 for 4 Zig, 1 <i<<Il—1.

Then t;, 0\ = a(lo) and for i #iy £;00® > " since t; <1 and o < 0. Now

20 i

we would get

-1 -1 !
0= Z tial0) > Z al® > Z al® =
=1 k=1 i=1

a contradiction.
Thus, m=ry +1rp — 1.

3.7.4. Example. Let F = Q(\/d) with a square free non-zero integer d.

If d > 0, then the group of roots of 1 in F' is {£1}, since F' C R and there are
only two roots of unity in R.

Let O be the ring of integers of F'. Wehave n=2 and 1 =2, =0 if d > 0;
r1=0,mp=1if d <0. If d <0, then

UOp)=T

is a finite cyclic group consisting of all roots of unity in F'. Ithasorder4 for d = —1, 6
for d = —3, and one can show it has order 2 for all other negative square free integers.

If d >0, U(Op) is the direct product of (1) and the infinite group generated by
a unit v (fundamental unit of O ):

UOp) ~ (£1) x (u) = {£u” : k € Z}.

Here is an algorithm how to find a fundamental unit if d # 1 mod 4 (there is a
similar algorithm for an arbitrary square free positive d ):

Let b be the minimal positive integer such that either db> — 1 or db®>+1 is a square
of a positive integer, say, a. Then Ng/g(a + Wd) =a*—db* =+1, s0 a+b/d > 1
is a unit of Op.

Let uy = e + fv/d be a fundamental unit. Changing the sign of e, f if necessary,
we can assume that e, f are positive. Due to the definition of wu( there is an integer k
such that a + bv/d = j:ulg. The sign is +, since the left hand side is positive; k& > 0,
since up > 1 and the left hand side is > 1. From a + b/d = (e + fVd)* we deduce
that if £ > 1 then b = f+ some positive integer > f, a contradiction. Thus, k =1
and a + b/d > 1 is a fundamental unit of Op.
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For example, 1 + V2 is a fundamental unit of Q(v/2) and 2 ++/3 is a fundamental
unit of Q(v/3).

3.7.5. Now suppose that d > 0, and for simplicity, d # 1 mod 4. We already know
that if an element u = a + bv/d of Op is a unit, then its norm Ng/g(u) = a? — db? is
+1. On the other hand, if a® — db? = +1, then +u~! =a — b/d isin Op, so u is a
unit. Thus, u = a + b/d is a unit iff a? — db? = +1.

Let up = e + fV/d be a fundamental unit.

From the previous we deduce that all integer solutions (a, b) of the equation

X% _dy?=41

satisfy a + bv/d = +(e + fv/d)™ for some integer m, which gives formulas for ¢ and
b as functions of e, f, m.
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4. p-adic numbers

4.1.1. p-adic valuation and p-adic norm. Fix a prime p.
For a non-zero integer m let

k =vp(m)

be the maximal integer such that p* divides m, i.e. k is the power of p in the
factorization of m. Then v,(m1my) = vy(my) + vp(M2).
Extend wv,, to rational numbers putting v,(0) := oo and

vp(m/n) = v,(m) — vy(n),

this does not depend on the choice of a fractional representation: if m/n = m’/n’/
then mn’ = m/n, hence v,(m) + v,(n') = vy(mM') + vy(n) and v,(Mm) — vy(n) =
vp(m') — vp(n').
Thus we get the p-adic valuation v,:Q — Z U {+oc0}. For non-zero rational
numbers a =m/n,b=m'/n’ we get
vp(ab) = vy(mm'/(nn')) = vy(mm') — vy(nn')

=vp(m) + vp(m/) —vp(n) — vp(n’)

= vp(m) — vp(n) + vp(m') — vy(n')

= vp(m/n) +vp(m'/n’)

= vp(a) +vp(b).

Thus v, is a homomorphism from Q* to Z.

4.1.2. p-adic norm. Define the p-adic norm of a rational number « by
jalp =p~ |0}, = 0.
Then
lapBlp = |alp|Blp-

If o = m/n with integer m,n relatively prime to p, then v,(m) = v,(n) = 0 and
|a|, = 1. Inparticular, | — 1|, =|1|, =1 andso | — a|, = |a|, for every rational c.

4.1.3. Ultrametric inequality. For two integers m,n let k = min(v,(m), v,(n)), so
both m and n are divisible by p*. Hence m + n is divisible by p*, thus

vp(m +mn) = min(v,(m), v,(m)).
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For two nonzero rational numbers « = m/n, f=m'/n’
vp(a+ B) = vy(mn' +m'n) — vy(nn')
> min(vy,(m) + vp(n'), v(M) + v,y (R)) — vp(n) — vy(n')
> min(v,(m) — vp(n), vp(m’) — vp(n'))
= min(vp (), vy (B)).
Hence for all rational «, 5 we get
vp(a+ B) = min(vy(a), vp(5)).
This implies
o+ B[, < max(|ap, |B]p)-
This inequality is called an ultrametric inequality.
In particular, since max(|a|,,|5],) < ||, + |3, we obtain
la+ Bl < lalp + By,

so | |, is a metric ( p-adic metric) on the set of rational numbers Q and

dp(aaﬁ) = |Oé - ﬁ|p

gives the p-adic distance between rational «, (.

4.1.4. All norms on Q. In general, for a field F' a norm | |: ' — R is a map
which sends 0 to 0, which is a homomorphism from F* to R;O and which satisfies
the triangle inequality: |a + (| < || +|5|. In particular,
[=11=[1]=|=DEDl=[-1P,
so | — 1] = 1, and hence
| —al =] —1la] = |a].
A norm is called nontivial if there is a nonzero a € F' such that |a| # 1.

In addition to p-adic norms on Q we get the usual absolute value on Q which we
will denote by | |so-
A complete description of norms on Q is supplied by the following result.

Theorem (Ostrowski). A nontrivial norm | | on Q is either a power of the absolute
value | |5, with positive real c, or is a power of the p-adic norm | |5 for some prime
p with positive real c.

Proof. For aninteger a > 1 and an integer b > 0 write

b=bpa™ +b,_1a" "+ -+

with 0 < b; < a,a™ < b. Then
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bl < (|bn| + |br—1] + -+ + |bo|) max(1,]|a]™)
and
b] < (log, b+ 1)d max(l, |a|'%%?),

with d = max(|0], |1], ..., |a — 1|).

Substituting b° instead of b in the last inequality, we get

|b°] < (slog, b+ 1)d max(1,]|a|® log,, by,
hence
b] < (slog, b+ D/*d!/* max(1, |18 ).

When s — +oo we deduce

b < max(1, |a|'°8?).

There are two cases to consider.

(1) Suppose there is an integer b such that [b| > 1. We can assume b is positive.
Then

1 < |b] < max(l, |a|'%%?),

and so |a| > 1, |b| < |a|'%?® for every integer a > 1. Swapping a and b we get
la] < |b|'°%» 2, thus,

jaf = [p['ee @

for every integer a and hence for every rational a.
Choose ¢ > 0 such that [b| = |b|S, then we obtain |a| = |a|S, for every rational a.

(2) Suppose that |a| < 1 for all integer a. Since | | is nontrivial, let ay be the
minimal positive integer such that |ag| < 1. If ap = ajay with positive integers
ay, ap, then |aj|laz| < 1 and either a; = 1 or ap = 1. This means that ag = p
is a prime. If ¢ ¢ pZ, then pp; + qq; = 1 with some integers p;, ¢; and hence
1= 1] < [pl|p1|+lq||a1] < |p|+|q|. Writing ¢* instead of ¢ we get |g|* > 1—[p| >0
and |¢| > (1 — |p|)!/*. The right hand side tends to 1 when s tends to infinity. So we
obtain |¢| = 1 for every ¢ prime to p. Therefore, |a| = [p|*»(®, and | | is a power of
the p-adic norm.

4.1.5. Lemma (reciprocity law for all | |, ). For every nonzero rational o

I leli=1

i prime or oo

Proof. Due to the multiplicative property of the norms and factorization of integers it
is sufficient to consider the case of a = p a prime number, then |p|, = p L Iplee =p
and |p|; = 1 for all other .
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4.2. The field of p-adic numbers Q)

4.2.1. The definition. Similarly to the definition of real numbers as the completion
of Q with respect to the absolute value | |, define Q, as the completion of Q
with respect to the p-adic norm | |,. So Q, consists of equivalences classes of all
fundamental sequences (with respect to the p-adic norm) (a,,) of rational numbers a,,:
two fundamental sequences (a,), (b,) are equivalent if and only if |a,, — b,,|, tends
to 0.

The field Q,, is called the field of p-adic numbers and its elements are called p-adic
numbers.

4.2.2. p-adicseries presentation of p-adic numbers. As an analogue of the decimal
presentation of real numbers every element o of QQ,, has a series representation: it can
be written as an infinite convergent (with respect to the p-adic norm) series

o0

7
g a;p
i=n

with coefficients a; € {0,1, ...,p — 1} and a,, #0.

4.2.3. The p-adic norm and p-adic distance. We have an extension of the p-adic
norm from Q to @Q,, by continuity: if o € Q, is the limit of a fundamental sequence
(ap) of rational numbers, then |a|, := lim|a,|,. Since two fundamental sequences
(ap), (by) are equivalent if and only if |a,, — b,|, tends to 0, the p-adic norm of « is
well defined.

If we use the series representation v = > o~ a;p’ with coefficients a; € {0,1, ... ,p—
1} and a,, #0, then |a, =p~".

The p-adic norm on Q, satisfies the ultrametric inequality: let a = lima,,, 3 =
limb,, (a,), (b,) are fundamental sequences of rational numbers, then « + 3 =
lim(a,, + b,,). Suppose that ||, < |B|,. then |a,|, < |b,|, for all sufficiently large
n, and so

la+ B, = lim|ay, + by, |, < limmax(|ay,|p, |by|p) = lim |b,|, = |6], = max(|al,, |5]p)-

For «, 8 such that |a, < |3|, we obtain 3 =+ «a where v = 3 — a. By the
ultrametric inequality |3|, < max(|v|,,|a|p), so |5], < |y|, and by the ultrametric
inequality ||, < max(lal,. | — 8],) = max(lal,, |8],) = 8]~ Thus if |al, < |3,
then | — B, = |8],.

Using the p-adic distance d,, we have shown that for every triangle with vertices in
0, «, B if the p-adic length of its side connecting 0 and « is smaller than the p-adic
length of its side connecting 0 and (3 then the p-adic length of the third side connecting
« and 3 equals to the former. Thus, in every triangle two sides are of the same p-adic
length!
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4.2.4. The ring of p-adic integers Z,. Define the set Z, of p-adic integers as
those p-adic numbers whose p-adic norm does not exceed 1, i.e. whose p-adic series
representation has ng > 0. For two elements «, 8 € Z,, we get |af|, > 0, |ax |, >
0. Hence Z,, is a subring of Q,,.
The units Z; of the ring Z,, are those p-adic numbers v whose p-adic norm is 1.
Every nonzero p-adic number a can be uniquely written as p¥»(®u with u € Zy.
Thus

Qy ~(p) xZ,
where (p) is the infinite cyclic group generated by p.
Let I be a non-zero ideal of Z,. Let n = min{v,(e) : @ € I}. Then p"u

belongs to I for some unit u, and hence p™ belongs to I, so p"Z, C I C p"Z,, i.e.
I =p"Z,. Thus Z, is a principal ideal domain.

4.2.5. Note that Z, is the closed ball of radius 1 in the p-adic norm.

Let « be its internal point, so ||, < 1. Then for every 3 on the boundary of the
openball,i.e. ||, = 1 we obtain, applying the previous calculation |a—f/|, = 3|, = 1.
Thus, the p-adic distance from « to every point on the boundary of the ball is 1, i.e.
every internal point of a p-adic ball is its centre!

5. On class field theory

To describe some very basic things about it, we first need to go through a very useful
notion of the projective limit of algebraic objects.

5.1.1. Projective limits of groups/rings. Let A,, n > 1 be a set of groups/rings,
with group operation, in the case of groups, written additively. Suppose there are
group/ring homomorphisms ¢,,.,,: A, — A,, forall n > m such that
Pnn = idA.,L s
Onr = Pmr © Pum, forall n 2 m > r.
The projective limit @An of (A, Ynm) is the set

{(an) Doan € Ay, Onm(an) = ay, forall n > m}
with the group/ring operation(s) (a,,) + (b,) = (an + b,) and (a,)(b,) = (anby)
For every m one has a group/ring homomorphism ¢,,: @ Ap — A, (Gn) — Q.
5.1.2. Examples.
1. If A, = A forall n and ¢,,,, =id then @An = A.
2.1If A, =Z/p"7Z and @, (a+p"Z) = a+p™Z then (a,) € @Z/p”Z means

pminm)| (g, — a,,) forall n,m.
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The sequence (a,,) as above is a fundamental sequence with respect to the p-adic
norm, and thus determines a p-adic number a = lima,, € Z,. For its description,
denote by 7, the integer between 0 and p™ — 1 such that r,, = a,, mod p™. Then
Tm = a, mod p™ for n > m and r,, = r,, mod p™ for n > m. Denote ¢y = ry
and ¢, = (rpy/ —Tm—1)p~ ™!, s0 ¢, €{0,1,...,p—1}. Then a = Em>0 Cmp™ =
limr,, € Z,.

We have a group and ring homomorphism

f:&inZ/p”Z — Zp, (ay) — a=lima, €7Z,.

It is surjective: if a = Zm>0 cmp™ then define r,, by the inverse procedure to the
above, then « is the image of (r,) € @Z/ p™; and its kernel is trivial, since a = 0
implies that for every k p* divides a,, for all sufficiently large n, and so p* divides
ag .

Thus,

@Z/p"Z ~ L.

This can be used as another (algebraic) definition of the ring of p-adic integers.

In particular, we a surjective homomorphism Z, — Z/p"Z whose kernel equals to
P" L.

From the above we immediately deduce thatif A,, = (Z/p"7Z)* and ., (a+p"Z) =
a+p"Z, (a,p) =1, then similarly we have a homomorphism

f:@(Z/p"Z)X — Ly, (ap) —limr, € Z;
(note that (r,,,p) = 1 and hence limr,, & pZ, ). Thus, there is an isomorphism

lim (Z/p"Z)* = Z.

3. One can extend the definition of the projective limit to the case when the maps
©nm are defined for some specific pairs (n, m) and not necessarily all n > m.

Let A, = Z/nZ and let ¢,,,: A, — A, be defined only if m|n and then
Ynm(a+nZ) = a+mZ. Define, similarly to the above definition of the projective limit
the projective limit 1&1 A,

By the Chinese remainder theorem

ZInZ =T[p}' L x - X L/ptrZ.

where n = p’fl ...pFr is the factorization of n. The maps ¢,,, induce the maps
already defined in 2 on Z/p"Z, and we deduce

limZ/nZ =imZ/2"Z x imZ/3"Z x - =Ty x Lz x -+ = | [ Zp.
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The group lln Z/nZ is denoted Z and is called the procyclic group (topologically
it is generated by its unity 1). This group is uncountable. We have a surjective
homomorphism 7Z—7 /nZ whose kernel is nZ.

Similarly we have

7X _1; X _ 1 Ty X . Ty X L~ X
Z* =lim (Z/nZ)* = lim (Z/2"2)* x lim (Z/3"2)* x --- ~ [[ 2.

5.2.1. Infinite Galois theory. As described in 1.3
Gal(Fym /F,) ~ Z/mZ,

where ¢ = p" and the isomorphism is given by ¢, +— 1+ mZ. The algebraic
closure F;' of F, is the compositum of all Fym. From the point of view of infinite
Galois theory and it is natural to define the infinite Galois group Gal(F; /F;) as the
projective limit 1&1 Gal(F,~ /IF,) with respect to the natural surjective homomorphisms
Gal(Fy~ /F,) — Gal(F,-/F,), r|m. This corresponds to ¢,,, defined in Example 4
above.

Hence we get

Gal(F¢ /F,) ~ lim Z/nZ = Z.

Similarly, using 2.4.3 for the maximal cyclotomic extension Q%¢, the composite
of all finite cyclotomic extensions Q((,,,) of @, we have

Gal(@™/Q) ~ lim (Z/nZ)* ~ 7"

The main theorem of extended (to infinite extensions) Galois theory (one has to
add a new notion of closed subgroup for an appropriate extension of the finite Galois
theory), can be stated as follows:

Let L/F be a (possibly infinite) Galois extension, i.e. L is the compositum of split-
ting fields of separable polynomials over F'. Denote G = Gal(L/F) = @ Gal(E/F)
where E/F' runs through all finite Galois subextensions in L/F'. Call a subgroup H
of G closedif H = 131 Gal(E/K) where K runs through a subfamily of finite subex-
tensions in E/F, and the projective maps Gal(E”/K") — Gal(E'/K') are induced
by Gal(E"/F) — Gal(E'/F).

There is a one-to-one correspondence (H — L) between closed subgroups H of
G andfields M, F C M C L, theinverse mapisgivenby M — H = lim Gal(E/K)
where K = EN M. We have Gal(L/M) = H.

Normal closed subgroups H of G correspond to Galois extensions M /F and
Gal(M/F) ~ G/H.
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5.3.1. We have already seen the importance of cyclotomic fields in Kummer’s theorem
3.6.8.

Another very important property of cyclotomic fields is given by the following
theorem

Theorem (Kronecker—Weber). Every finite abelian extension of Q is contained in
some cyclotomic field Q(¢,). Therefore the maximal abelian extension Q2 of Q
coincides with the cyclotomic field Q! which is the compositum of all cyclotomic
fields Q((p).

According to 2.4.3 the Galois group Gal(Q({,,)/Q) is isomorphic to (Z/nZ)*. So
the infinite group Gal(Q?"/Q) is isomorphic to the limit of (Z/nZ)* which by 5.1.2
coincides with the group of units of Z= 1iLnZ /nZ.

The isomorphism

Y:Z* = Gal(Q™/Q)
can be described as follows: if a € Z* is congruent to m modulo n via
Z/nZ — Z/nZ,

then Y(a)(¢,) = (1"
Using 5.1.2 we have an isomorphism

w:[[z; =>2* = Gal@™/Q).

On the left hand side we have an object Z* which is defined at the ground level of Q,
on the right hand side we have an object which incorporates information about all finite
abelian extensions of Q.

The restriction of the isomorphism to quadratic extensions of Q is related with the
Gauss quadratic reciprocity law, see below.

Abelian class field theory generalizes the Kronecker—Weber theorem for an algebraic
number field K to give a reciprocity homomorphism which relates an object (idele class
group) defined at level of K and the Galois group of the maximal abelian extension of
K over K.

5.3.2. Ideles. Recall (see 4.2.4) that Q ~ (p) X Zy, ar (n,u) where n =vy(a)
and u=ap™ ",
vp 18 the p-adic valuation.

Denote Qo = R and include oo in the set of “primes” of Z. Form the so called

restricted product

IQ:H/@; :{(aOO7a27a37 ,,.):Clp EQ;}

of R* = QX, QZX,Q;, ... such that almost all components a, are p-adic units.
Elements of I are called ideles over Q.
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Define a homomorphism
/
f:IQ=H QY — Q" x R¥ x Hzg,
(aooaa2>a3> cee ) = (a7aooa71>a2ailaa3ailv .. )
where a = sgn(aq) Hp”P(“P) € Q* and sgn(a) is the sign of a.

It is easy to verify that f is an isomorphism.

5.3.3. Define a homomorphism

/
og: [ @) — Gal@®/@
by the following local-global formula:

CDQ(QOO7 az,as, ... ) = H q)Qp(ap)-

Here the local reciprocity map ®g, is described as follows: if a, = p"u where
n = vp(a), then for a ¢™ th primitive root ¢ of unity with prime ¢

¢, ifp#g
1 .
¢t o, ifp=gq.
In particular, if p # ¢, then ®g, (p) sends ¢ to (P, similar to the pth Frobenius
automorphism defined in 1.3. So one can say that the reciprocity map sends prime p to

the pth Frobenius automorphism.
For p = 0o put

Pq, (ap)(C) = {

Dy (a:0)() = (B,
The homomorphism ®g is called the reciprocity map.

Theorem (class field theory over Q).
1. Reciprocity Law: for a non-zero rational number a one has

Pg(a,a,a, ...)=1.
2. For units u,, € Z,' one has
CDQ(I,UQ,U?,, o) =W(uy, us, .. .)71.
3. Using f define
g:lg » QxR x [[ 2y =[] 2},
(a,b,up,us, ...) — (uz,us3, ...). Then
Do) = Wo g(a).

4. The kernel of the reciprocity map ®g equalsto ¢~'(1,1,1, ...) = the product
of the diagonal image of Q* in I and of the image of R7 in Iy with respect to the
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homomorphism « — (a, 1,1, ...). It induces an isomorphism
Io/Q R} ~ Gal(Q™/Q).

Proof. To verify the first property, due to the multiplicativity of ®q it is sufficient to
show that for a primitive ¢ th root ¢ of unity

®o(p,p, ... )C)=¢ forall positive prime numbers p
From the definition of ®g we deduce that

¢, ifl#q,l#p

¢r, iflFql=p
® =
Qz(p)(C) Cp_l7 lfl = q, l #p

¢, ifl=q=p.

So (I, ®g,()() = ¢ for ¢ # p and for ¢ = p. Similarly one checks the second
assertion.
The second property is easy: due to multiplicativity it suffices to show that

W, . up, 1, )T = Do, g, 1 )

and this follows immediately from the definition of W, ®q.
The third property follows from the definition of f and the first and second proper-
ties. The fourth property follows from the third.

From this theorem one can deduce Gauss quadratic reciprocity law.

5.3.4. For an algebraic number field F' one can define, in a similar way, the idele
group I as a restricted product of the multiplicative groups F'j; of completions Fp
of F' with respect to non-zero prime ideals P of the ring of integers of F', and of real
or complex completions of F' with respect to real and complex imbeddings of F' into
C.

Except the case of Q and imaginary quadratic fields one does not have an explicit
description of the maximal abelian extension as in Kronecker—Weber theorem 4.2.3. So
one needs to directly define a reciprocity map

Dp: Ip — Gal(F®/F)

and study its properties. This global reciprocity map is defined as the product of
composites of local reciprocity maps Fj — Gal(Fp?®/Fp) and homomorphisms
Gal(Fp?/Fp) — Gal(F*/F).

The analog of the reciprocity law is that the kernel of ®p contains the image of
F* in Ip.
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Part of class field theory associates to every open subgroups N in Ip/F* its class
field L — the unique finite abelian extension of F' such that Ny, p(IL)F* = N.

It also contains information on arithmetical properties of the behavior of prime
numbers in finite abelian extensions as a generalization of Theorem 3.5.9 and Gauss

quadratic reciprocity law.



