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2 ª�ÿõ¤A¶»¸¼¯>´³¨·©«´³¯t¤L¸¼¨¡¶·¨·¦x¦>©Ã°A¯>¶¡¶·¯t¬>¤L´³µ«¯7¯x¶·¶¡¨¡¸¹¸¹¨·¬®­A¯�²³¨2­A¥8ªA¯>¶¡¶·©Ã²³¸¹¤A°A¨·©�°A¯>¶2¾A´¹©§ÍA¶·¯x½è¥o°A¯>¶¡¶Ñ¥3#+¥¿¸¹¸¹©«´¹¨¡¦dÏ
¦�¥§¦x¨·©«ªL¯�°A¨2¨·ª(¸¼¯x´¹¨6¬>©«½h¯4*É²³¸¼¥¿¸¼©�¾A´¹©
µ¿¥¿¸¼©8°D¥�ç4�)&Y�pî*¯xªA²³¸¹´¼¥8ªA¯x¶W 
Å§Ø(Ö$�8Ë$¯>ÍAÍ%¯>ªL¯É¶uÿõ¯xåh¬>¨¡¯>ªA¦>¥
°A¨k£�¤A¯>²e¸¼© ¥¿¶·Ì«©«´³¨¡¸¹½�©ÉªL©«ª)²³¨Ñ¥7¸®¥§¶¡¯t°D¥Ã´³¯>ªA°L¯>´¹ªL¯è¾%©«²¹²³¨·ÍA¨¡¶·¯�¤AªI¤A²¹©�¾A´¼¥�¸¼¨·¬x©AÈ*¸¼¤L¸³¸®¥�µ
¨Ñ¥LÈâ¯>²³²¹©�­D¥
¥§¾%¯>´³¸¹©t¤AªD¥�ª�¤A©
µ§¥t²³¸¹´¼¥§°A¥h´³¨·¬>¬>¥�°A¨*¾�©§²¹²¹¨¡ÍA¨·¶¡¨�²eµ
¨·¶·¤L¾A¾A¨u�
ãTªLÙDªA¯¿ÈL°A¯x²¹¬x´¹¨¡µ§¯>´³¯>½h©v¤Aª7¥¿¶·Ì«©«´³¨¡¸¹½�©3¾%¯>´6¸¼¯x²³¸®¥¿´¹¯W¶·¥±¾L´¹¨·½�¥§¶¡¨¡¸5! °A¨"¤AªÉ¨·ª(¸¹¯>´¹©LÈ
¾L´¹©«¾%©«²³¸¹©v°D¥víy©§¶·°$Ï�=¥¿²¹²¹¯x´�¯6
y¨¡¶·¨·¥§ªèªA¯x¶p 
Å«Å§ÅL�pìWªL¬®­A¯y¨·ª7£�¤A¯>²e¸¼©h¬�¥§²³©AÈA¯x²¹²¹©4*n¾A¨107¨·ª(¸¼¯x´¹¯>²³²¼¥§ª(¸¹¯±°A¥§¶�¾A¤Aª(¸¹©h°L¨:µ
¨·²³¸¼¥
¸¼¯x©«´¹¨¡¬>©.¬®­A¯Ã°D¥)£�¤A¯x¶·¶·©.¾A´¹¥¿¸¼¨¡¬>©AÈ6¨·ªC£�¤D¥§ª(¸¼©I²¹¨�¸¹´¼¥¿¸³¸®¥.°A¨�¤Aªq½h¯x¸¹©$°L©I¾L´¹©«ÍD¥¿ÍA¨·¶¡¨·²³¸¹¨·¬x©�¬®­A¯8ªL©«ª
¾A¤87�¬x©«½h¾�¯d¸¼¯>´³¯É¬>©§ª�¶uÿÓ¥§¶·Ì§©«´¹¨»¸¼½h©7°A¯x¸¹¯>´¹½h¨·ªL¨·²³¸¹¨·¬x©8ì9
±Ë�Èâ¨·°L¯�¥¿¸¹©�°D¥8ì Ì«´¼¥:�Ð¥§¶;
y¥�é(¥§¶2¯7ËL¥=<L¯xªD¥
ªA¯>¶*�§Ê«Ê(�$�>
�¤L¸³¸®¥�µ
¨Ñ¥LÈ$¾A´¹¯x²¹¯xª�¸¼¥�¥¿ªA¬®­A¯y£�¤D¥§¶·¬®­L¯n¤L¸¼¨¡¶·¨¡¸"!4¾A´¹¥¿¸¼¨¡¬�¥LÈ$¾�©§¨·¬®­8?¿ÈLªA¯x¨�¬�¥§²³¨*¨·ªÉ¬x¤A¨�¸¼¯x´¹½h¨·ªD¥
¬>©«´³´¹¯d¸¹¸®¥¿½�¯xª�¸¹¯§ÈA¯x²¹²³©è¾%¯>´¹½h¯x¸³¸¼¯n°A¨*¬x©«²³¸¹´¹¤A¨¡´¹¯y°A¯x¨*ÍA´¹¯dµ$¨*¬x¯>´e¸¼¨¡ÙA¬�¥¿¸¹¨*°A¨*¾A´¹¨¡½è¥¿¶·¨¡¸"!L�

Ò



� ��� ��������� @

���������Û��� �C��� � � � �A��� �B� �3C � �D�A�*���E���*�GF �

�F¨¡¬>©«´³°A¨Ñ¥¿½�©4¨·ªo£�¤A¯>²e¸¼©h¬�¥§¾A¨»¸¼©«¶¡©t¥§¶·¬x¤AªA¯n¾A´³©«¾A´³¨·¯x¸"!H#�©«ªA°D¥§½h¯>ª(¸¼¥§¶·¨��
I ���D���)ßâ���%�+�(�������%�
2 ªy¾A¨·¥§ªA©�¾A´¹©§¨·¯x¸³¸¼¨»µ«©�²¹¤4¤Aªy¬�¥§½h¾%©

k
*N¶uÿõ¨·ªA²³¨·¯>½h¯�°L¯>¶·¶¡¯p¸¼¯x´¹ªA¯

(x, y, z) 6= (0, 0, 0)
¬x©«ª

x, y, z ∈ k
È

£�¤A©«¦>¨¡¯>ª(¸®¥�¸¼©t´¹¨¡²¹¾%¯x¸¹¸¹©h¥§¶·¶·¥v´¹¯x¶Ñ¥§¦x¨·©«ªA¯n°L¨�¯>£�¤A¨»µ§¥¿¶·¯>ªL¦�¥

(x, y, z) ∼ (x′, y′, z′)
²³¯±¯y²³©«¶·©t²¹¯ ∃λ ∈ k \ {0} ¾�¯x´F¬x¤A¨ (x′, y′, z′) = (λx, λy, λz).

Ë$¨·¬x¬>©«½h¯v¶¡¯v¬x¶Ñ¥§²³²¹¨�°L¨�¯>£�¤A¨»µ¿¥§¶·¯xªA¦�¥è°L¨·¾%¯>ªA°A©§ªA©É²¹©§¶·©É°D¥¿¨�´¼¥¿¾A¾�©§´³¸¼¨�¸¼´¹¥è¶·¯±¸¼´³¯`¬>©
©«´¹°L¨·ªD¥¿¸¹¯§È:¥§¶·¶¡©«´¼¥
¶·¯3´¹¥§¾A¾A´³¯>²³¯>ª(¸¼¨·¥§½�©tªA¯x¶·¶·¥`²¹¯>Ì§¤A¯>ª(¸¼¯4½è¥¿ªA¨·¯x´¼¥

(x : y : z)
�

Ë$¯
(x : y : z)

*É¤Lª{¾A¤Aª(¸¼©.°A¯x¶Ð¾A¨·¥§ªA©�¾A´³©«¨·¯d¸¹¸¹¨¡µ«©8¬>©«ª
z 6= 0

¥§¶·¶¡©«´¼¥o²¹¨Ð­D¥
(x : y : z) =

(

x
z

: y

z
: 1
) �J
�¤$¸¹¸¼¨�¨Ð¾A¤Aª(¸¼¨�°A¨Ð£
¤L¯>²³¸¹©I¸¹¨·¾%© ²¹©«ªL©I°L¯x¸¹¸¹¨=¾A¤Aª(¸¹¨LKNM'OQPRO±°A¯>¶Ð¾A¨Ñ¥§ªL© ¾A´¹©«¨¡¯x¸³¸¼¨¡µ§©Có+¨¡ª

£�¤D¥§ª(¸¼©É¾%©«²³²¹¨Ñ¥¿½�©h½�¯d¸¹¸¹¯>´¹¶¡¨�¨·ª8¬x©«´¹´³¨·²³¾�©«ªL°A¯>ªA¦>¥èÍA¨¡¤AªA¨¡µ§©$¬>¥�¬x©«ª�¨�¾A¤Aª(¸¼¨�°A¯>¶â¾A¨·¥§ªA©É¥�å�ªL¯§È�¥¿²¹²¹©�Ï
¬>¨·¥§ªA°A© ¥¿¶Ð¾A¤Aª(¸¹©I¾L´¹©«¨¡¯x¸¹¸¹¨¡µ§©

(X : Y : 1)
¨·¶6¾A¤Aª(¸¼©I¥¿åhªA¯

(X, Y )
ôæÈk½�¯xª�¸¹´¹¯ÉÌ§¶·¨=¥¿¶¡¸¼´³¨uÈ�©�µ�µ§¯>´¹©

£�¤A¯>¶¡¶·¨"¬>©«ª
z = 0

ÈL²¹©§ªA©�°A¯x¸³¸¼¨'S�T�M'P�ONU(VQV%W OQM:KNM'OQPYXèó+¨¡ªÉ£�¤D¥§ª(¸¼©AÈ$¨·½h½è¥¿Ì«¨·ªD¥¿ªA°A©y°A¨:¾L´¹©
¬>¯>°L¯>´¹¯W¬>©«½h¯
ªA¯>¶*¬>¥§²¹©h¾A´³¯>¬>¯x°A¯>ª(¸¹¯§È%¬�¥§¶¡¬>©«¶·¥§ªA°A©`¨¡¶�¶·¨¡½�¨»¸¼¯F°A¨ x

z

¯ y

z

²³¨*©§¸¹¸¹¯>´³´¹¯>ÍLÍ�¯y¾A´³©«¾A´¹¨¡© ∞ ôd�
Z �â�
�A�I���%�[������à"�%�+�A���
2 ªD¥4¬>¤A´eµ§¥`²³¨:°A¨¡¬>¯\M]X^M`_aOQM�b�X^VcU(d"e�ó+©EVfOg_�haO�U
ô6²³¯3¨·ªÉ©§Ì«ªA¨%¾A¤Aª(¸¼©i*3°L¯xÙDªA¨»¸®¥LÈ$¨·ª�½�©
°A©v¤LªA¨¡µ§©$¬x©AÈL¶·¥
²¹¤D¥`¸¼¥§ªAÌ«¯xª�¸¹¯§�2 ªÃ¬>´¹¨»¸¼¯x´¹¨·©t¾%¯>´�¬>©§ª�¸¹´¹©«¶¡¶Ñ¥§´³¯n¬®­A¯±¤AªD¥�¬x¤A´³µ¿¥t²¹¨·¥hªA©§ª�²³¨·ªAÌ«©§¶Ñ¥§´³¯j*yµ§¯>´³¨¡ÙD¬>¥§´¹¯±¬®­A¯v¶¡¯n°A¯>´³¨¡µ¿¥¿¸¹¯
¾D¥§´³¦>¨Ñ¥¿¶·¨k°A¯x¶·¶Ñ¥Ã²¹¤D¥�¯x£�¤D¥§¦>¨¡©«ªA¯É¨¡½�¾L¶·¨·¬x¨¡¸¼¥ÉªA©«ª{²¹¨Ð¥§ªAª�¤A¶¡¶·¨·ªL©�¬x©«ª(¸¼¯>½h¾%©«´¼¥§ªL¯�¥§½h¯>ª(¸¼¯è¨·ªöªL¯>²¹²³¤AªA©
°A¯>¨*²³¤A©«¨*¾A¤Lª�¸¹¨u�

k4l$m npo4q�r6s;tauwv3tBxzy3{}|`{�~)x+��t��Hu\v`u x�q3���H{�{��a�$t��A�)t$xzy`{
� M�_3aWRQf�RegNa M��;���
2 ªD¥�haT�d��^U�eaVQVfOQPRP�O�h%U

E
²³¤{¤Aª�¬�¥¿½�¾%©

k
*�¤AªD¥8¬x¤A´³µ¿¥8ªA©§ª�²¹¨¡ªAÌ«©«¶·¥§´¹¯t°A¨6Ì«´¹¥§°A©�¸¹´¹¯�ªA¯>¶6¾A¨Ñ¥¿ªA©

¾A´¹©§¨·¯x¸³¸¼¨»µ«©AÈ�¬>©§²³¸¼¨»¸¼¤A¨»¸®¥ö°A¥§¶·¶�ÿÓ¨¡ªA²¹¨¡¯>½h¯Ã°L¯>¶·¶¡¯�¬>©§¾A¾A¨·¯
(X, Y ) ∈ k2 ¬®­A¯ ²³©$°A°L¨·²�#+¥¿ªA©{¶uÿõ¯>£�¤D¥§¦x¨·©«ªL¯

º



ü>�9�kù����������/� ùQúi���j��û3�> :ùa��ú ýD�9�)��ýOüj����¡pýqý��)�*ù����âùdüL¢Wý Á
¥¿åhªA¯�ó+°A¯d¸¹¸¼¥£e%¤�T/U�¥�O�X^M]e\¦(O6§4eaO�ead"_aP�d�U^_5_wb�eaM]ead%U(VfOc¥5¥�U(P�U
ô

Y 2 + a1XY + a3Y = X3 + a2X
2 + a4X + a6

óu�
�¡ �ô
ó+°A©
µ§¯

ai ∈ k
ô±¾A¨1¨ö¨¡¶6¾L¤Aª(¸¼© ¥§¶¡¶uÿõ¨·ªLÙAªA¨¡¸¹©

O
ó�½�©§²³¸¼´³¯>´³¯>½h©�¨¡ªö²¹¯xÌ«¤A¨»¸¼©�¬®­A¯�¶uÿõ©«½h©«Ì«¯>ªL¯>¨·¦x¦�¥¿¸¼¥Ã°L¨

£�¤A¯>²e¸®¥�¯x£�¤D¥§¦>¨¡©«ªA¯4¥§½h½�¯d¸¹¸¼¯n¤Lª�¤AªL¨·¬>©h¾A¤Aª(¸¹©É¥§¶¡¶uÿõ¨·ªLÙDªL¨¡¸¼©(ôd�kîkÿõ¨·ªA²³¨·¯>½h¯n°A¯x¨â¾L¤Aª(¸¼¨â¥§¾A¾D¥¿´³¸¼¯xªA¯>ª(¸¹¨
¥�£
¤L¯>²³¸¼¥h¬x¤A´³µ¿¥t²¹¨*°A¯xªA©§¸¼¥hÌ«¯xªA¯>´¹¥§¶·½h¯>ª(¸¹¯n¬>©«ª

E(k)
�

ÎÐ©«½�¯8Ì«¨,!ö°L¯x¸¹¸¹©AÈ�¸®¥§¶¡¯�¬>¤L´³µ¿¥�°A¯xµ%ÿõ¯>²³²¹¯>´³¯)¶¡¨·²³¬>¨Ñ¥qó+¬x¨·©�*8ªA¯x²¹²¹¤LªÀ¾A¤Lª�¸¹©;°A¨
E(k̄)

È�°A©
µ«¯.¬x©«ª
k̄
¨¡ª�¸¹¯>ªA°L¨Ñ¥§½h©�¶Ñ¥{¬®­A¨¡¤A²¹¤L´¼¥C¥§¶·Ì«¯xÍA´¹¨¡¬�¥�°A¨

k,
°L¯xµ«¯)¥§ªAª�¤A¶¡¶Ñ¥§´³¯ ¯>ª(¸¼´¹¥§½`Í%¯ ¶·¯.°A¯x´¹¨¡µ¿¥¿¸¹¯ ¾D¥§´³¦>¨Ñ¥¿¶·¨

°A¯>¶¡¶uÿõ¯>£�¤D¥§¦x¨·©«ªL¯3¨·½h¾A¶·¨¡¬>¨»¸®¥4°L¯>¶·¶·¥`¬>¤A´eµ¿¥(ôÐ¯y£
¤L¨·ªA°A¨*¨¡¶�²¹¨¡²³¸¹¯>½�¥
{

a1Y = 3X2 + 2a2X + a4

2Y + a1X + a3 = 0

ªA©«ªo°A¯dµ«¯4¥§½�½h¯x¸³¸¼¯x´¹¯n²¹©§¶·¤A¦x¨·©«ªA¨��
Z �A���L���
�����R�d�����«���R�ößk�"�
�
�D�%�
�8���
�������(�â�
�%�8�
�+���������+�¿���
2 ªD¥�¬>¤L´³µ¿¥F°L©§¸®¥¿¸¼¥F°L¯>¶·¶¡¯k¾A´¹©§¾A´¹¨¡¯x¸5!�²¹©§¾A´¼¥�°A¯>²³¬>´³¨¡¸¹¸¹¯§È¿²¹¤A¶�¾A¨·¥§ªA©�¾A´¹©§¨·¯x¸³¸¼¨»µ«©AÈ�­D¥�¤AªD¥�¬�¥§´¹¥¿¸¹¸¹¯>´³¨·²³¸¹¨·¬>¥
¬®­A¯h²¼¥§´%!�½h©«¶¡¸¹©7¨·½h¾�©«´e¸®¥§ª(¸¹¯h¾%¯>´y¨NªA©«²e¸¼´³¨6²³¬>©«¾L¨uøv©§Ì«ªA¨k´¹¯d¸¹¸¼¥�¶Ñ¥7¨¡ª�¸¹¯>´³²¹¯>¬>¥8¨·ªI¯>²¹¥¿¸¹¸¼¥§½h¯>ª(¸¼¯t¸¼´³¯
¾A¤Aª(¸¼¨ ó�²¹¯è¬x©«ª(¸®¥¿¸¹¨N¬>©«ª�¶·¥7Ì«¨·¤A²e¸®¥Ã½�©«¶»¸¼¯x¾A¶·¨¡¬>¨¡¸"!Lø3¤Aª)¾A¤Aª(¸¼©8°A¨k¸®¥§ªAÌ§¯>ªA¦>¥�­D¥Ã½�©«¶»¸¼¯x¾A¶·¨¡¬>¨¡¸"!7�Ã¯x°
¤AªÃ¾A¤Aª(¸¼©h°A¨�©D¯x²¹²¹©�­D¥t½�©«¶»¸¼¯x¾A¶·¨¡¬>¨¡¸"!vÆ(ôæ�6îâ¥�°A¨¡½�©§²³¸¼´¹¥§¦>¨¡©«ªA¯3°L¨*£
¤L¯>²³¸¼¥�¾A´³©«¾A´³¨·¯x¸"!`µ«¯>´³´"!h°D¥¿¸®¥t¥§¶
¾D¥§´¹¥§Ì«´¼¥^#�©��$�Ç��¨¡ªn¬>¤A¨§¾A´¹©
µ«¯x´¹¯x½�©F¶Ñ¥+#�©§´¹½`¤A¶·¥Ð¬®­A¯¿È¿°D¥�¸®¥�¤AªD¥�´¹¯d¸¹¸¼¥�¾A¥§²¹²¹¥§ª(¸¼¯N¾�¯x´*°A¤A¯k¾A¤Lª�¸¹¨%ó�¥§ªL¬®­A¯
¬>©«¨¡ªA¬>¨¡°A¯>ª(¸¹¨�ô2°A¨*¤LªD¥�¬>¤A´eµ§¥t¯>¶¡¶·¨»¸¹¸¼¨¡¬�¥LÈ�¬x¨*¾�¯x´¹½h¯x¸¹¸¹¯y°A¨�¸¼´³©�µ¿¥§´³¯n¨·¶:¸¹¯>´³¦>©h¾A¤Aª(¸¼©h°A¨�¨¡ª�¸¹¯>´³²¹¯>¦x¨·©«ªL¯§�
I ���"ßk���������+�%���8��ª¡�D« I �â�����N�D����¬»���*á������
�I�â�
�+�+���(�����%���
�+���������+���â�8­
×�©«²e¸¼´¹¨·¥§½h©É¬®­A¯h©«Ì«ªA¨k¬x¤A´³µ¿¥o¯>¶·¶¡¨¡¸³¸¼¨·¬>¥�ó�°A¯xÙDªL¨¡¸®¥7°D¥¿¶·¶uÿõ¯>£�¤D¥¿¦>¨·©§ªA¯`²¹©§¾A´¼¥o°A¯>²³¬>´³¨¡¸¹¸¼¥(ô3­D¥7¤AªA©Ã¯t¤Aª
²¹©«¶¡©�¾A¤Aª(¸¼©�¥§¶¡¶uÿõ¨·ªLÙDªL¨¡¸¼©4ªA¯>¶*¾L¨Ñ¥§ªA©t¾A´³©«¨·¯d¸¹¸¹¨¡µ«©L�
® �R�ö���x�����L���+�%���
ÎÐ©«ªA²³¨·°A¯x´¹¨Ñ¥¿½�©`¶�ÿÓ¯x£�¤D¥§¦>¨¡©«ªA¯y©«½h©«Ì«¯xªA¯>¨¡¦>¦�¥�¸®¥`°A¯x¶·¶uÿõ¯>£�¤D¥¿¦>¨·©§ªA¯hóu�$�» �ô

Y 2Z + a1XY Z + a3Y Z2 = X3 + a2X
2Z + a4XZ2 + a6Z

3 óu�
�Â�«ô
¯ ©§²¹²¹¯x´³µ
¨Ñ¥¿½�©4¬®­A¯§È$¾�¯x´2¸¼´³©
µ§¥¿´¹¯F¨%¾L¤Aª(¸¼¨�¥¿¶·¶uÿõ¨·ª$ÙDªA¨¡¸¹©AÈ§°L©«ÍAÍA¨·¥§½�©±¾%©«´¹´³¯

Z = 0
�NË$¨%©§¸¹¸¹¨·¯>ªL¯ ¨¡½�½h¯dÏ

°A¨Ñ¥�¸®¥§½h¯>ª(¸¼¯¿ø
X = 0

� - ¤A¨¡ªA°A¨$¨·¶
¾A¤Aª(¸¼©±¥§¶¡¶uÿõ¨·ªLÙDªL¨¡¸¼©�*�¤AªL©n¯>°t¤AªA©n²³©«¶·©AÈ§¬>©«ª�¬x©$©«´³°A¨·ªA¥¿¸¼¯2¾A´¹©«¨¡¯x¸³¸¼¨»Ï
µ«¯

(0 : 1 : 0)
�

�

ävÿõ©«´¼¥�¨·ªo¾%©«¨*¥�µ
´¹¯x½�©t£�¤A¨·ªL°A¨
O = (0 : 1 : 0).

�;���N�¯� °�±ÐHW[Nf:RQgNaWM³²WM*PQPQMrU:HFJLKNM M*PQPQRTS�S$RQUAVWM@X
H U�[2\^]WR6²WRyU:[kJA[pS�S$M�JARQX(SLRQU�[´�
I ���"ßk���������+�%���8��ª¡Ý
Ë$¯`¬®­D¥¿´

(k) = 2
È�©«²³²¹¯x´³µ
¨Ñ¥§½h©É¬®­A¯vªA©«ª ¾A¤877½�¥§¨�µ«¯x´¹¨¡ÙA¬�¥§´³²¹¨

a1 = a3 = 0
ó+¥§¶¡¸¹´¹¨·½h¯>ª(¸¹¨*¶Ñ¥è¬x¤A´³µ¿¥

ªA©«ª`*y¶·¨¡²¹¬>¨·¥(ôd� - ¤A¨·ªA°L¨�¾�©§²¹²¹©§ªA©�¾L´¹¯>²³¯>ª(¸®¥¿´¹²¹¨â°A¤A¯y¬>¥§²¹¨�ø



ü>�9�kù����������/� ùQúi���j��û3�> :ùa��ú ýD�9�)��ýOüj����¡pýqý��)�*ù����âùdüL¢Wý Ö
 «�wh%U^_�X6_aT�S'ead5_aOQM�b�X^VcU(d"e`ó+²³¯

a1 = 0
¯ £�¤A¨¡ªA°A¨

a3 6= 0
ôæø�¶�ÿÓ¯x£
¤A¥§¦>¨¡©«ªA¯ ¥¿åhªA¯ °L¯>¶·¶·¥±¬x¤A´³µ¿¥±²¹¨%¾A¤87

´³¨·°A¤A´³´¹¯¿ÈD²¹¯>ªL¦�¥t¾�¯x´¹°A¨»¸®¥�°A¨*Ì«¯xªA¯>´¹¥§¶·¨»¸5!LÈ$¥
Y 2 + a3Y = X3 + a4X + a6

. óu�
�ÇÆ(ô
�$�wh%U^_�X�M]X^M�_aT�S'ead"_aOQM�b�X^VcU(d5e8ó�²¹¯

a1 6= 0
ôdøv¶�ÿÓ¯x£�¤D¥§¦>¨¡©«ªA¯h¥¿åhªA¯h°A¯>¶¡¶Ñ¥7¬>¤L´³µ¿¥�²³¨2¾A¤/7�´³¨·°A¤A´³´¹¯¿È

²³¯>ªA¦>¥�¾%¯>´¹°L¨¡¸®¥�°A¨:Ì«¯>ªA¯x´¼¥§¶¡¨¡¸"!LÈA¥
Y 2 + XY = X3 + a2X

2 + a6.
óu�
�ÓÒ�ô

® �R�ö���x�����L���+�%���
×�©«²e¸¼´¹¨·¥§½h©AÈ«¨·ªLªD¥§ªA¦x¨¡¸¼¤$¸¹¸¼©LÈ«¬®­A¯F²¹¯FªA¯>¶¡¶uÿõ¯>£�¤D¥§¦x¨·©«ªA¯±ó��$�» �ôp²¹¨D­D¥

a1 = a3 = 0
È
¥§¶¡¶·©«´¹¥W¶Ñ¥n¬x¤A´³µ¿¥yªA©«ª*n¶·¨¡²¹¬>¨·¥LÈL°L¤AªA£�¤A¯±ªA©«ª�*n¤AªD¥t¬>¤A´eµ§¥t¯>¶¡¶·¨»¸¹¸¼¨¡¬�¥L��îkÿÓ¯x£�¤D¥§¦>¨¡©«ªA¯y¬®­A¯±²¹¨*©§¸³¸¼¨¡¯>ªA¯j*

Y 2 = X3 + a2X
2 + a4X + a6

�
ÎÐ­A¨Ñ¥¿½�¨·¥§½�©

x
¤AªA©)¦>¯x´¹©ö°L¯>¶·¶·¥�°A¯>´³¨¡µ¿¥¿¸¼¥I´³¨·²¹¾%¯x¸³¸¼©I¥

X
°A¯x¶F½h¯>½vÍA´¹©.°A¨�°A¯x²³¸¼´¹¥L�ðïk´³¯>ªA°A¨·¥§½h©

y µ √x3 + a2x2 + a4x + a6 ¶c·R¸ �@Ë$¨ ­A¥I¬®­A¯8¨·¶�¾A¤Aª(¸¹© (x, y) ∈ E(k̄)
¯>°ð¥§ªAª�¤A¶·¶·¥ ¯>ª(¸¼´¹¥§½`Í%¯8¶·¯

°A¯>´³¨¡µ¿¥¿¸¹¯n¾D¥§´¹¦x¨Ñ¥§¶¡¨�°L¯>¶·¶�ÿÓ¯x£�¤D¥§¦>¨¡©«ªA¯n¨¡½�¾A¶¡¨·¬x¨¡¸®¥$�
ìWªD¥¿¶·¨·¦x¦>¨·¥§½�©4©«´¼¥�¨�°L¤A¯4¬>¥§²¹¨*¬®­L¯4²³¨*­D¥§ªAªA©LÈD¥h²³¯>¬x©«ªA°D¥t¬®­A¯

a1
²¹¨·¥�ª
¤L¶·¶·©�©§¾A¾A¤A´³¯±ªL©Aø

 «��ÚF¯>¶*¬�¥¿²¹©h¨·ªo¬>¤A¨
a1 = 0

ÈL¶uÿõ¯>£�¤D¥§¦x¨·©«ªA¯y°A¯x¶·¶·¥`¬>¤A´eµ§¥i*
Y 2 + a3Y = X3 + a2X

2 + a4X + a6
�

×�©§²³¸¼´³¨Ñ¥§½h©.©«´¼¥I¬®­A¯8²³¨�¾A¤87ö²³¤A¾A¾%©«´¹´³¯§È=²³¯>ªA¦>¥ö¾%¯>´¹°L¨¡¸®¥.°A¨�Ì«¯xªA¯>´¹¥§¶·¨»¸5!LÈ
a2 = 0

� ê3²³²¹¯>´QÏ
µ
¨Ñ¥¿½�©AÈD¨¡ª/#+¥¿¸³¸¼¨uÈD¬®­L¯`¥§¾A¾L¶·¨·¬>¥§´¹¯y¤AªA¥h¸¼´¹¥§²�#�©§´¹½�¥§¦>¨¡©«ªA¯n¶·¨¡ªA¯�¥¿´¹¯±¥§¶·¶¡¯y¬>©
©«´¹°A¨¡ªD¥¿¸¹¯

(X, Y )
ªA©«ª

¬>¥§½`ÍA¨·¥h¶·¥t¬x¤A´³µ¿¥h¨·ªÃ£
¤L¯>²³¸¹¨·©«ªL¯§È%½è¥t²¹©«¶¡©�¨¡¶�²¹¤L©è´¼¥¿¾A¾�©§´³¸¼©h¬>©§ª8¨·¶*²³¨·²e¸¼¯>½�¥t°A¨�´¹¨1#�¯x´¹¨¡½�¯xª�¸¹©A�
ÎÐ©«ªL²¹¨·°L¯>´¹¨·¥§½h©�£
¤L¨·ªA°A¨*¶·¥v¸¼´¹¥§²�#�©«´³½è¥¿¦>¨·©§ªA¯

(X, Y )→ (X, Y + cX),

°A©
µ§¯
c2 = a2

°A¯x¶·¶�ÿÓ¯x£
¤A¥§¦>¨¡©«ªA¯8óu�$�» �ôd� ÎÐ©«½�¯è½�¯x½`ÍA´¹©�°A¨Ð²³¨·ªA¨¡²³¸¹´¼¥8°A¯x¶·¶�ÿÓ¯x£
¤A¥§¦>¨¡©«ªA¯ ó��$�» �ôdÈ
¥§ÍLÍA¨Ñ¥§½h©�£�¤A¨·ªL°A¨

Y 2 + c2X2 + a3Y + a3cX = Y 2 + a2X
2 + a3Y + a3cX

�
ãTªÃ¬>©«ªL¬>¶·¤L²¹¨·©§ªA¯y¶uÿõ¯>£�¤D¥§¦x¨·©«ªA¯hó��$�» �ôÐ°A¨¡µ
¨¡¯>ªA¯

Y 2 + a3Y = X3 + (a4 − a3c) X + a6,

¬®­A¯¹*y¾A´¹©§¾A´¹¨¡©�°A¯>¶¡¶Ñ¥w#�©«´³½è¥
Y 2 + a3Y = X3 + a′

4X + a6

¨¡ªÃ¬x¤A¨
a′

4 = (a4 − a3c) .º¼»�½¿¾:À¼Á�Â;Ã�Ä�Å�Æ�Ç�ÀÈÄÊÉ=Å
x
Å

y
Å�ËRÀ¼Ë¿ÇÊÁ�Ì=Ã�Ì=Å¯ÍÎÍ¼Á�ÄÊÉ^ÀÐÏ^ËRÏ=ÆÊÁ�ÁaÍÐÑ$Å¯Ò=Æ�À¼Ä¯Á�Ó=À

k Ô
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�$�FË$¯

a1 6= 0
È"¥§¾L¾A¶·¨¡¬®­A¨Ñ¥§½h©v¾%¯>´�¾A´³¨·½�¥`¬>©«²¹¥�¶Ñ¥`¸¼´¹¥§²�#�©«´³½è¥¿¦>¨·©§ªA¯3¶·¨¡ªA¯�¥¿´¹¯

(X, Y )→ (X − a3

a1
, Y )

¥§¶¡¶uÿõ¯>£�¤D¥§¦x¨·©«ªL¯tóu�$�» �ôæ�6Ë$¨*©§¸¹¸¹¨·¯xªA¯

Y 2 + a1

(

X − a3

a1

)

Y + a3Y =

(

X − a3

a1

)3

+ a2

(

X − a3

a1

)2

+ a4

(

X − a3

a1

)

+ a6,

°D¥t¬>¤L¨

Y 2 +a1XY −a3Y +a3Y = X3− a3
3

a3
1

− a3

a1

X2 +
a2

3

a2
1

X +a2X
2 +

a2a
2
3

a2
1

+a4X−
a3a4

a1

+a6

¯y£�¤A¨·ªL°A¨

Y 2 + a1XY = X3 +

(

a4 −
a3

a1

)

X2 +

(

a2
3

a2
1

+ a4

)

X +

(

a2a
2
3

a2
1

− a3
3

a3
1

− a3a4

a1
+ a6

)

,

¬®­A¯¹*y°A¯>¶¡¶Ñ¥w#�©«´³½è¥
Y 2 + a1XY = X3 + a′

2X
2 + a′

4X + a′
6,

°A©
µ§¯
a′

2 =
(

a4 − a3

a1

) È
a′

4 =
(

a2
3

a2
1

+ a4

) ¯
a′

6 =
(

a2a2
3

a2
1
− a3

3

a3
1
− a3a4

a1
+ a6

)

.
ê3´¼¥�¥§¾A¾A¶¡¨»Ï

¬®­A¨·¥§½h©h¶·¥v¸¼´¹¥§²�#�©«´³½è¥¿¦>¨·©§ªA¯
(X, Y )→ (a2

1X, a3
1Y )

¯x°�¨¡¶�½�¯x½`ÍA´³©h°L¨�²¹¨¡ªA¨·²e¸¼´¼¥�´³¨·²¹¤L¶¡¸®¥
a6

1Y
2 + a6

1XY
.D°A¨»µ
¨·°A¨·¥§½�©4©«´¼¥�¾%¯>´

a6
1

¯x°�©¿¸¹¸¼¯xªA¨Ñ¥¿½�©

Y 2 + XY
�

ãTªLÙAªA¯§È"¤A²¹¥§ªA°A©h¶uÿÓ¥§¾A¾A¶¡¨·¬>¥§¦>¨¡©«ªA¯W¶¡¨·ªA¯>¥§´¹¯

(X, Y )→ (X, Y + a4)

²³¤A¶·¶·¥�ó��$�» �ôdÈA´³¨·¬>¥
µ
¨·¥§½�©v¶uÿõ¯>£�¤D¥§¦x¨·©«ªA¯

Y 2 + a2
4 + XY + a4X = X3 + a2X

2 + a4X + a6
È

¬®­A¯¹*y°A¯>¶¡¶Ñ¥w#�©«´³½è¥
Y 2 + XY = X3 + a2X

2 + a′
6,¬x©«ª

a′
6 = a6 − a2

4. �

ï�©«²³²¹¨·¥§½�©�©§´¼¥�°D¥§´³¯±¶·¥`²¹¯xÌ«¤A¯>ª(¸¹¯v°A¯dÙDªA¨·¦x¨·©«ªL¯§�
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® ��á��â�+�����%�â�8��ª»�
Ë$¤A¨*¬>¥§½�¾L¨�°A¨�¬>¥§´¼¥¿¸³¸¼¯x´¹¨·²e¸¼¨¡¬�¥h�`¯>²¹¨¡²³¸¹©«ªA©t°A¤A¯y¸¼¨¡¾A¨:°A¨*¬x¤A´³µ§¯4¯x¶·¶¡¨¡¸¹¸¹¨·¬®­A¯¿ø
 «�ÖÕLT�d��^U�eaVQVfOQP�PRO�h%U£_aT=S'ead"_aOQM�b�X^VcU(d"e�×£*7¶uÿõ¨·ªA²³¨·¯>½h¯h°A¯>¶¡¶·¯É¬x©«¾A¾A¨¡¯

(x, y) ∈ k2 ¬®­A¯o²¹©
°A°A¨¡²�#+¥§ªL©¶�ÿÓ¯x£
¤A¥§¦>¨¡©«ªA¯
y2 + cy = x3 + ax + b

ó��$�Çº«ô
°A©
µ§¯

a, b
È
c ∈ k

È
c 6= 0

È6ó+¨¡ª £
¤L¯>²³¸¹©8¬>¥§²¹©oªA©«ª.²³¨k´¹¨·¬®­L¨·¯>°L¯�¬®­A¯
x3 + ax + b

ªA©«ªI¥§ÍAÍL¨Ñ¥
´¹¥§°A¨·¬x¨k½`¤A¶»¸¼¨·¾L¶·¯§È*¨¡ª/#+¥¿¸³¸¼¨p¶·¥Ã°A¯x´¹¨»µ§¥�¸®¥7´¹¨¡²¹¾%¯x¸¹¸¹©8¥

y
°A¯x¶·¶�ÿÓ¯x£
¤A¥§¦>¨¡©«ªA¯�óu�$�Çº«ô9*

c 6= 0
ô3¾A¨1¨)¨¡¶

¾A¤Lª�¸¹©è¥¿¶·¶uÿõ¨·ª$ÙDªA¨¡¸¹©
O
�

�$�ÖÕLT�d��^UieaVQVfOQP�PRO�h%UjM]X^MÖ_aT�S'ead"_aOQM�b�X^VcU(d"e�×+*Ð¶�ÿÓ¨¡ªA²¹¨¡¯>½h¯k°A¯>¶¡¶·¯6¬>©«¾A¾L¨·¯
(x, y) ∈ k2 ¬®­A¯=²¹©
°A°A¨¡²�#+¥§ªL©¶�ÿÓ¯x£
¤A¥§¦>¨¡©«ªA¯

y2 + xy = x3 + ax2 + b
ó��$�ÇÁ«ô

°A©
µ§¯
a, b ∈ k

È
b 6= 0

È�¾A¨g¨I¨·¶�¾A¤Aª(¸¼©�¥§¶·¶�ÿÓ¨¡ªLÙDªA¨»¸¼©
O
��ó+ì ªA¬®­A¯h¨·ª.£�¤A¯>²e¸¼©8¬>¥§²¹©ÃªA©«ªI²¹¯x´³µ§¯

°D¥¿´¹¯h¤A¶¡¸¹¯>´¹¨¡©«´¹¨�¬>©«ªL°A¨·¦x¨·©«ªA¨p¥¿åhªA¬®­8?h¶Ñ¥7¬>¤A´eµ¿¥Ã²³¨Ñ¥o¶·¨·²³¬>¨·¥LÈ�¨·ª�#+¥¿¸¹¸¹¨p¶·¯�°A¯x´¹¨»µ§¥�¸¼¯t¾D¥§´³¦>¨Ñ¥¿¶·¨�°L¯>¶»Ï
¶�ÿÓ¯x£
¤A¥§¦>¨¡©«ªA¯7ó��$�ÓÁ(ô�²³©«ªA©

x
¯

3x2 + b
È:¬®­A¯4ªA©«ª�²³¨�¥§ªLª
¤L¶·¶Ñ¥¿ªA©�½�¥§¨�¬>©§ª�¸¹¯>½h¾�©§´¼¥§ªA¯>¥§½h¯>ª(¸¼¯¿È

¯x²¹²¹¯xªA°A©
b 6= 0

ôæ�
�;���N��� °�±ÐHW[Nf:RQgNaWMØ²WM*PQPQM?U:HFJLKNMÀM*PePQRbS�S$ReULVWMOX
HÛU:[6\^]3R4U:gNaÛU:[kJA[pS�S$M�JARQX(SLRQU�[

6= �I ���"ßk���������+�%���8��ª¡�
Ë$¯

k
­A¥8¬�¥§´¹¥¿¸¹¸¹¯>´³¨·²³¸¹¨·¬>¥Ã°A¨»µ«¯x´¹²¼¥�°D¥ �$È�¥§¶·¶¡©«´¼¥7¾%©«²¹²³¨Ñ¥§½h©AÈ�²³¯>ªA¦>¥8¾%¯>´¹°L¨¡¸®¥Ã°A¨6Ì«¯>ªA¯x´¼¥§¶¡¨¡¸"!LÈ�¾%©«´³´¹¯§ø

a1 = a3 = 0
ªA¯x¶·¶uÿõ¯>£�¤D¥¿¦>¨·©§ªA¯tóu�
�¡ �ôæ�

® �R�ö���x�����L���+�%���
ï�©«²³²¹¨·¥§½�©t¥¿¾A¾A¶·¨¡¬�¥§´³¯3¶Ñ¥`¸¹´¼¥§²¯#�©«´¹½�¥§¦>¨¡©«ªA¯3°L¯xÙDªA¨»¸®¥�°D¥

(X, Y )→ (X, Y − a1X + a3

2
)
�

ÎÐ©«²ÊÙ>#+¥¿¬>¯>ªL°A©AÈD¨·¶�½�¯x½`ÍA´³©h°L¨*²¹¨·ªL¨·²³¸¹´¼¥`°A¯x¶·¶�ÿÓ¯x£
¤A¥§¦>¨¡©«ªA¯n°A¯x¶·¶Ñ¥`¬x¤A´³µ¿¥t°A¨¡µ§¯>ª(¸®¥
Y 2 +

a2
1X2+a2

3+2a1a3X

4
−2Y

(

a1X + a3

2

)

+ a1XY − a2
1X

2

2
− a1a3X

2
+ a3Y

−a1a3X

2
− a2

3

2

= Y 2 +
a2
1X2

4
+

a2
3

4
+

a1a3X

2
− a1XY − a3Y + a1XY − a2

1X
2

2
− a1a3X

2
+ a3Y

−a1a3X

2
− a2

3

2

= Y 2 − a2
1X2

4
− a2

3

4
−a1a3X

2

�
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- ¤A¨·ªA°L¨�¶uÿõ¯>£�¤D¥§¦x¨·©«ªL¯nªA¯>¶¡¶·¯3ª�¤A©
µ«¯4¬>©
©«´¹°L¨·ªD¥¿¸¹¯9*

Y 2 = X3 +

(

a2 −
a2

1

4

)

X2 +
(

a4 −
a1a3

2

)

X +

(

a6 −
a2

3

4

)

¬®­A¯§ÈD©
µ�µ
¨Ñ¥§½h¯>ª(¸¹¯§ÈD¾%©«²¹²³¨Ñ¥§½h©�´¹¨¡²¹¬>´³¨¡µ§¯>´¹¯y¬x©«½�¯n²³¯>Ì«¤L¯

Y 2 = X3 + b2X
2 + b4X + b6

ó
bi ∈ k

ôd�
�

Ú ¯x¶*¬�¥§²³©h¬>¥§²¹©h²¹¨�¥¿ÍAÍA¨Ñ¥�¤AªÃ¬�¥¿½�¾%©�°A¨*¬�¥¿´¼¥¿¸³¸¼¯>´³¨·²e¸¼¨·¬>¥�Æ�²¹¨�¾A¤87t°D¥§´³¯y¶Ñ¥`²¹¯xÌ«¤A¯xª�¸¹¯
® ��á��â�+�����%�â�8��ªgÚ
Ë$¨Ñ¥I¬®­D¥§´�ó

k
ô

= 3
� 2 ªD¥�¬x¤A´³µ¿¥�¯>¶¡¶·¨»¸¹¸¼¨¡¬�¥

E
²³¤

k
*8¶uÿõ¨·ªL²¹¨·¯x½�¯Ã°A¯x¶·¶·¯�¬>©«¾L¾A¨·¯

(x, y) ∈ k2 ¬®­A¯²¹©
°A°A¨¡²�#+¥§ªA©�¶�ÿÓ¯x£�¤D¥§¦>¨¡©«ªA¯
y2 = x3 + ax2 + bx + c

ó��$�ÇÖ«ô
ó+°A©
µ§¯

a
È
b
È
c ∈ k

ÈD¯
x3 + ax2 + bx + c

ªL©«ªo­D¥�´¼¥§°A¨¡¬>¨�½`¤A¶¡¸¹¨·¾A¶¡¯ ²³¤
k
ôÐ¾L¨g¨7¨·¶�¾A¤Aª(¸¼©�¥§¶¡¶uÿõ¨·ªLÙDªL¨¡¸¼©

O
�
�;���N��Û °�±ÐHW[Nf:RQgNaWMØ²WM*PQPQM?U:HFJLKNMÀM*PePQRbS�S$ReULVWMOX
HÛU:[6\^]3R4U:gNaÛU:[kJA[pS�S$M�JARQX(SLRQU�[

6= �;ÜjÛI ���"ßk���������+�%���8��ª,Ý
Ë$¯y¬®­D¥§´

(k) 6= 2, 3
¥§¶·¶¡©«´¼¥4¶uÿõ¯>£�¤D¥§¦x¨·©«ªA¯nÌ§¯>ªA¯x´¼¥§¶¡¯±°L¨�¤AªD¥t¬>¤A´eµ¿¥h¯x¶·¶·¨»¸¹¸¹¨·¬�¥±²¹¨*¾A¤/7�´³¨·°A¤A´³´¹¯y¥

Y 2 = X3 + aX + b
ó��$�ÓØ(ô

¯�¶Ñ¥É¬x©«ªA°A¨¡¦>¨·©§ªA¯`¬®­A¯t¶Ñ¥É¬x¤A´³µ¿¥7²¹¨·¥7¶·¨·²³¬>¨·¥Þ*�¯>£�¤A¨»µ§¥¿¶·¯>ª(¸¹¯t¥o´³¨·¬®­A¨¡¯>°A¯x´¹¯�¬®­A¯t¨¡¶�½h¯>½`ÍA´³©7°A¨p°A¯x²³¸¹´¼¥
ªA©«ªÃ¥§ÍAÍL¨Ñ¥�´¼¥§°L¨·¬>¨:½`¤A¶¡¸¹¨·¾A¶¡¯§È
©«²¹²³¨Ñ¥

4a3 + 27b2 6= 0
�

® �R�ö���x�����L���+�%���
ìW¾A¾L¶·¨·¬>¥§ªA°A©�¶·¥v¸¼´¹¥§²�#�©«´³½è¥¿¦>¨·©§ªA¯

(X, Y )→ (X − 1

3
a2, Y )

È
¨·¶�½�¯x½`ÍA´¹©t°A¨*°L¯>²³¸¹´¼¥t°A¯>¶¡¶uÿõ¯>£�¤D¥§¦x¨·©«ªL¯hóu�$�ÓØ(ô2°A¨»µ
¨·¯>ªL¯

X3 − a2X
2 +

1

3
a2

2X −
1

27
a3

2 + a2X
2 +

1

9
a3

2 −
2

3
a2

2X + a4X −
1

3
a2a4 + a6

¯Ð²³¨$¯x¶·¨·°L¯6¨¡¶(¸¼¯>´³½�¨¡ªA¯6¨·ª
X2.

Ë$¥§¾A¾A¨·¥§½�©F¬®­A¯2¶Ñ¥ ¬x¤A´³µ¿¥ß*2¶·¨¡²¹¬>¨·¥�²¹¯=¯2²¹©«¶¡© ²³¯=¶·¯6°A¯>´³¨¡µ¿¥¿¸¹¯2¾D¥¿´¹¦>¨·¥§¶·¨(ªL©«ª
²¹¨$¥§ªAª�¤A¶¡¶Ñ¥§ªA©F½�¥§¨�¬>©«ª(¸¼¯x½�¾%©«´¹¥§ªA¯�¥¿½�¯xª�¸¹¯(.«¾%©«¨¡¬®­8?Ð¶·¥F°A¯x´¹¨»µ§¥�¸®¥ ¾A¥§´¹¦x¨Ñ¥§¶¡¯6°L¯>¶·¶�ÿÓ¯x£�¤D¥§¦>¨¡©«ªA¯6¨·½h¾A¶·¨¡¬>¨»¸®¥
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°A¯>¶¡¶Ñ¥o¬>¤A´eµ¿¥�´¹¨¡²¹¾%¯x¸³¸¼©�¥

Y
*

2Y
È�¯>²¹²¹¥�²¹¨2¥§ªAª�¤A¶¡¶Ñ¥o²¹©«¶¡©�¾%¯>´

Y = 0
��ÎÐ©«ªA²³¨·°A¯x´¹¨·¥§½�©Ã£�¤A¨·ªL°A¨2¶¡¯

¬>©«¾L¾A¨·¯
(x, 0)

¸®¥¿¶·¨
¬®­A¯
x
¥§ªAª�¤A¶·¶·¥ ¨¡¶$½h¯>½`ÍL´¹©W°L¨L°A¯x²³¸¼´¹¥L�kïâ¯>´¹¬®­/?�¸¼¥§¶·¯

x
¥§ªAª�¤A¶¡¶·¨$¥§ªA¬®­A¯�¶·¥ °A¯x´¹¨¡µ¿¥¿¸¼¥

¾D¥§´³¦>¨Ñ¥¿¶·¯§È�¯x²¹²¼¥F°A¯xµ§¯Ð¯x²¹²¹¯x´¹¯=¤LªD¥ ´¹¥§°A¨·¬x¯N½`¤A¶¡¸¹¨·¾A¶·¥Ð°A¯x¶$¾%©«¶·¨¡ªA©«½h¨·©2°A¨�°A¯>²e¸¼´¼¥$� - ¤A¨·ªL°A¨(¶Ñ¥�¬>©«ªL°A¨·¦x¨·©«ªA¯
°D¥4¾%©«´³´¹¯3¥�å�ªL¬®­8?3¶Ñ¥y¬>¤L´³µ¿¥v²¹¨·¥4¶¡¨·²¹¬x¨Ñ¥j*W¬®­L¯

X3 + aX + b
ªA©«ªè¥§ÍAÍA¨·¥4´¹¥§°A¨·¬x¨"½`¤A¶¡¸¹¨·¾A¶¡¯§È(©«²³²¹¨·¥4¬®­A¯

¨·¶�²¹¤A©Ã°A¨·²³¬>´³¨·½h¨·ªD¥§ª(¸¹¯`²¹¨·¥o°L¨¡µ«¯x´¹²³©�°D¥oÊL�4��¨·¬x©«´¹°A¨·¥§½h©è¬®­A¯h¶Ñ¥Þ#�©«´³½`¤A¶·¥É¾�¯x´n¨·¶p°A¨¡²¹¬x´¹¨·½h¨·ªA¥§ª(¸¼¯`°A¨
¤Aªo¾�©§¶·¨·ªL©«½�¨¡©v½h©«ªA¨¡¬>©�°A¨*Ì«´¹¥§°A©

d
¬>©«ªo´¼¥¿°A¨·¬x¨

r1
È¡�»�»�¡È

rd

*
∏

i6=j

(ri − rj) = (−1)
d(d−1)

2

∏

i<j

(ri − rj)
2

¬®­A¯§È�¨·ªn£�¤A¯x²³¸¹©F¬>¥§²¹©LÈ¿°A¨»µ
¨·¯>ªL¯ −(4a3+27b2)
�

�

- ¤A¨·ªA°L¨�ªA¯>¶*¬>¥§²¹©h°A¨�¬>¥§´¼¥�¸¹¸¼¯x´¹¨¡²³¸¼¨¡¬�¥7ÔFÆ�´¹¨·¬>¥�µ$¨·¥§½h©`¶Ñ¥`²³¯>Ì«¤A¯xª(¸¼¯v°L¯xÙDªA¨¡¦>¨¡©«ªA¯§ø
® ��á��â�+�����%�â�8��ªgà
2 ªD¥o¬>¤L´³µ¿¥Ã¯x¶·¶¡¨¡¸¹¸¹¨·¬>¥

E
²¹¤A¶N¬>¥§½�¾%©

k
ó�¬®­D¥§´

k
Ô^Æ(ô9*h¶�ÿÓ¨¡ªA²¹¨¡¯>½h¯`°A¯x¶·¶·¯�¬x©«¾A¾A¨¡¯

(x, y) ∈ k2 ¬®­A¯²¹©
°A°A¨¡²�#+¥§ªA©�¶�ÿÓ¯x£�¤D¥§¦>¨¡©«ªA¯�ó+°L¯x¸¹¸¼¥áe%¤�T8U�¥�O�X^M]e\¦(Oj§4eaO�ead5_aP�d�U^_5_�ô

y2 = x3 + ax + b,
ó��$�ÓÅ(ô

°A©
µ«¯
a, b ∈ k

¯
x3 + ax + b

ªA©«ªI­D¥Ã´¹¥§°A¨¡¬>¨k½`¤A¶»¸¼¨¡¾A¶·¯oó�¬>¨¡©�*�¶·¥o¬x¤A´³µ¿¥�*�¶¡¨·²¹¬x¨Ñ¥(ôæÈ�¾A¨1¨)¨¡¶k¾A¤Aª(¸¼©
¥§¶·¶�ÿÓ¨¡ªLÙDªA¨»¸¼©`ê��
â �>���öß��

-1 1 2 3

-4

-2

2

4

-1 1 2 3

-4

-2

2

4

-2 2 4

-10

-5

5

10

Ë$©«¾A´¹¥Lø�¨�Ì§´¼¥¿ÙD¬x¨�°L¯>¶·¶¡¯4¬x¤A´³µ§¯�¯>¶¡¶·¨¡¸³¸¼¨¡¬®­A¯n²¹¤A¶�¬�¥§½h¾%©
R
È�°D¥�¸¼¯`°D¥¿¶·¶·¯y¯x£
¤A¥§¦>¨¡©«ªA¨uø

y2 = x3 − x
.

y2 = x3 + 1
.

y2 = x3 − 5x + 6
�

k4l%k ãÖ�A�>qE�A��q3�>r |3tJä¹�>q3å`åGu r¹æG{��at�r¹v3u r¹|`|3ta�)t��Hu
òN©«Ì«¶¡¨Ñ¥§½h©v©«´¹¥h°L©§¸®¥§´³¯

E
°L¨â¤LªD¥h²e¸¼´³¤L¸¹¸¹¤A´¼¥h°A¨*Ì«´¹¤L¾A¾�©�¥§Í%¯>¶¡¨Ñ¥§ªA©L�NäW¯xÙDªL¨Ñ¥§½h©�¤Lª�ÿÓ©§¾�¯x´¼¥§¦x¨·©«ªA¯y°A¨

²¹©«½h½�¥v¸¼´¼¥�¨�¾L¤Aª(¸¼¨uÈD¨¡ªo½�©
°A©�¬®­A¯yÌ«©
°D¥�°A¯>¶¡¶·¯n²³¯>Ì«¤A¯xª(¸¼¨�¾A´¹©§¾A´¹¨¡¯x¸5!$ø
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�
 «�

O
ó+¨·¶6¾A¤Aª(¸¹©.¥§¶·¶�ÿÓ¨¡ªLÙDªA¨»¸¼©�ôß*�¶uÿõ¯>¶¡¯>½h¯>ª(¸¼©�ªL¯>¤L¸¹´¹©�°A¨6¸®¥§¶¡¯èÌ«´³¤A¾A¾%©;ó −O = O

¯
P + O =

O + P = P
ô�.

�$��²³¯
P 6= O

È$¥§¶·¶¡©«´¼¥ −P
*W¶uÿõ¤AªA¨¡¬>©v¥§¶¡¸¹´¹©±¾A¤Aª(¸¼©`°L¯>¶·¶·¥±¬x¤A´³µ¿¥7ó 6= O

ôN¬®­L¯3­D¥4¶·¥4²e¸¼¯>²³²¼¥�¥§²³¬>¨¡²¹²¼¥
°A¨

P
.

ÆL��²³¯
P
È

Q
­D¥§ªAªL©�¥§²³¬>¨·²³²¹¯�°L¨¡µ«¯x´¹²³¯§È�¥§¶¡¶·©«´¹¥

P + Q
²¹¨F©§¸³¸¼¨·¯xªA¯7¸¼´¹¥§¬>¬x¨Ñ¥§ªA°L©ö¶Ñ¥.´¹¯d¸¹¸¼¥

`
¬®­A¯

¬x©«ªAÌ«¨¡¤AªAÌ«¯
P
¯

Q
È
¸¹´¹©
µ¿¥§ªA°A©`£�¤A¨¡ªA°A¨"¶uÿõ¤AªA¨¡¬�¥4¥§¶¡¸¹´¼¥y¨·ª(¸¼¯x´¹²¹¯x¦>¨¡©«ªA¯

R
ó+²¹¨%µ«¯x°D¥§ªA©`¨%¾D¥§´¹¥§Ì«´¹¥¿Ù

²³¤A¬>¬x¯>²¹²³¨¡µ
¨A¾%¯>´�¨·¶(¬�¥¿¶·¬>©§¶·©F°A¯>¶�¸¼¯x´¹¦>© ¾A¤Aª(¸¼©W°A¨$¨¡ª(¸¼¯>´³²¹¯x¦>¨·©§ªA¯Ð¯¿È§£�¤A¨·ªL°A¨uÈ�¶Ñ¥�°A¨·½h©«²e¸¼´¼¥¿¦>¨·©§ªA¯N¬®­A¯
¯x²¹²¹©v¯>²¹¨¡²³¸¹¯F¯x°Þ*�¤AªA¨¡¬>©�ôp°A¨A¸¼¥§¶·¯�´³¯x¸³¸®¥y¬>©«ª�¶Ñ¥n¬>¤A´eµ¿¥±¯x¶·¶·¨»¸¹¸¹¨·¬�¥

E
¯�°A¯dÙDªA¯xªA°A©

P +Q = −R
.

ÒA��²³¯
Q = −P

¥§¶·¶¡©«´¼¥
P + Q = O

.
º$��²³¯

Q = P
¥§¶¡¶·©«´¹¥3²¹¨"¸¼´¹¥§¬>¬x¨Ñ¥4¶·¥±´³¯x¸³¸®¥

`
¸®¥§ªAÌ§¯>ª(¸¼¯W¥§¶·¶·¥y¬x¤A´³µ¿¥±ªA¯>¶%¾A¤Aª(¸¼©

P
È
²¹¨D¸¼´³©
µ§¥±¶uÿõ¤AªA¨¡¬>©

¥§¶»¸¼´³©�¾A¤Aª(¸¼©h°A¨*¨·ª(¸¹¯>´¹²³¯>¦x¨·©«ªA¯
R
°A¨

`
¬x©«ª

E
¯±²³¨*°A¯xÙAªA¨·²³¬>¯

P + Q = 2P = −R
�

î�¥ °A¨¡½�©«²e¸¼´¹¥§¦>¨¡©«ªA¯N¬®­A¯=¶�ÿÓ¨¡ªA²¹¨¡¯>½h¯k°A¯>¨$¾A¤Aª(¸¼¨
°A¨
¤AªD¥W¬x¤A´³µ¿¥W¯x¶·¶·¨»¸¹¸¹¨·¬�¥$È
°A©§¸®¥�¸¼©W°L¨$£�¤A¯x²³¸®¥3©§¾�¯x´¼¥§¦x¨·©«ªA¯
°A¨�²¹©«½h½�¥LÈ'*4¤Lª�Ì«´¹¤L¾A¾�©è¥§Í%¯>¶·¨·¥§ªA©AÈL²¹¨â¾A¤87É¥^ç:´³©«ª(¸®¥§´³¯4¨¡ªÃµ¿¥§´³¨·¯y½è¥¿ªA¨·¯x´¹¯§È"©h°D¥§¶�¾A¤Aª(¸¹©É°A¨*µ
¨·²³¸¼¥
¥§¶·Ì§¯>ÍA´³¨·¬>©LÈ�© °D¥�£�¤A¯x¶·¶·©8°A¯>¶¡¶uÿÓ¥§ªD¥§¶¡¨·²¹¨k¬x©«½h¾A¶·¯x²¹²¼¥$Èk©«¾A¾A¤A´³¯7°D¥§¶2¾A¤Aª(¸¼© °A¨2µ$¨¡²³¸¼¥8°A¯>¶¡¶Ñ¥8Ì§¯>©«½h¯x¸¹´¹¨Ñ¥
¾A´¹©§¨·¯x¸³¸¼¨»µ§¥$È$¬®­A¯¹*y£�¤A¯>¶¡¶·©�¬®­A¯±¤L¸¼¨¡¶·¨¡¦>¦>¯x´¹¯x½�©`ªL©«¨u�
I ���"ßk���������+�%���8��ª1�
(E(R), +)

*±Ì§´¹¤A¾A¾%©h¥§Í%¯>¶·¨·¥§ªA©A�
® �R�ö���x�����L���+�%���
ï�¯x´v°A¨¡½�©«²e¸¼´¹¥§´¹¯�¬®­A¯

E
*h¤Aª�Ì«´³¤A¾A¾%©�¥§Í%¯>¶¡¨Ñ¥§ªL©Ã´³¨·²³¾�¯d¸¹¸¼©�¥§¶¡¶Ñ¥7²¹©«½h½�¥Ã²³©«¾A´¼¥Ã°A¯xÙAªA¨¡¸¼¥�ÍA¨¡²¹©«Ì«ªA¥

½�©§²³¸¼´¹¥§´¹¯W¬®­A¯§ø
 «��¶�ÿÓ©«¾%¯>´¹¥§¦>¨¡©«ªA¯n°A¨:²¹©«½h½è¥H*y¨¡ª�¸¹¯>´³ªD¥t¥§¶*Ì«´¹¤L¾A¾�©/.
�$�=µ¿¥§¶¡¯n¶Ñ¥�¾A´¹©§¾A´¹¨¡¯x¸5!�¥¿²¹²¹©
¬>¨·¥¿¸¼¨»µ¿¥/.
ÆL��¯x²¹¨·²e¸¼¯±¶uÿõ¯>¶¡¯>½h¯>ª(¸¼©�ªA¯x¤L¸¼´³©8.
ÒA��©«Ì§ªA¨*¯>¶¡¯>½h¯>ª(¸¼©t­D¥�¨·ª(µ§¯>´¹²³©8.
º$�=µ¿¥§¶¡¯n¶Ñ¥�¾A´¹©§¾A´¹¨¡¯x¸5!`¬x©«½h½`¤L¸®¥�¸¼¨¡µ¿¥L�

äW¨n£�¤A¯>²e¸¼¨y¾A¤Aª(¸¹¨uÈ3²³©«¶·©;¨·¶n�;¾A´³¯>²³¯>ª(¸®¥C£
¤A¥§¶·¬®­A¯.°A¨»åh¬>©«¶»¸5!L� ín¶·¨n¥¿¶¡¸¼´³¨3£�¤D¥¿¸³¸¼´¹©;²³¨±°L¨·½h©«²³¸¹´¼¥§ªA©#+¥§¬>¨¡¶·½h¯>ª(¸¼¯ ©«²¹²³¯>´eµ§¥¿ªA°A©h¬®­A¯§ÈD¾%¯>´�¬x©«²³¸¹´¹¤A¦x¨·©«ªA¯¿ÈD¶Ñ¥`²³©«½�½�¥v°A¨:°A¤A¯y¾A¤Aª(¸¼¨A*n¤Lª8¥§¶»¸¼´³©`¾A¤Aª(¸¼©h°A¯x¶·¶Ñ¥
¬>¤A´eµ¿¥ ó�¾A¤Aª(¸¼©; �ôæÈ

O
*o¶uÿõ¯>¶¡¯>½h¯>ª(¸¼©�ªL¯>¤L¸¹´¹©.¾�¯x´�¶Ñ¥�°A¯dÙDªA¨¡¦>¨·©§ªA¯7°A¨=²³©«½�½�¥8¬®­A¯�¥§ÍAÍL¨Ñ¥§½h©8°D¥�¸¼©

ó+¾A¤Lª�¸¹©�Æ(ô3¯�²¼¥§¾A¾L¨Ñ¥§½h©o¬�¥§¶¡¬>©«¶·¥§´¹¯�¶�ÿÓ©«¾L¾�©«²e¸¼©Ã°A¨N©«Ì«ªA¨N¾A¤Lª�¸¹©{ó�¾A¤Aª(¸¼©�Ò�ôd�ÉãTª$ÙDªA¯§È�²¹¯>½h¾A´³¯�°D¥¿¶·¶Ñ¥
°A¯xÙAªA¨·¦x¨·©«ªA¯ °A¨%²¹©«½h½è¥$È
©§²¹²¹¯x´³µ
¨Ñ¥¿½�©`¬®­L¯3¶uÿõ©«´¹°L¨·ªA¯F¬>©«ª7¬x¤A¨:¾L´¹¯>ªL°A¨Ñ¥§½h©v¨%°A¤A¯W¾A¤Aª(¸¼¨�°D¥v²¹©§½�½�¥§´¹¯
ªA©«ªo­D¥h¥§¶·¬x¤AªD¥`¨¡½�¾%©«´³¸¼¥§ªA¦>¥oó+¾A¤Aª(¸¹©Éº«ôæ�

ï�¯>´N°A¨¡½�©§²³¸¼´¹¥§´¹¯Ð¨·¶A¾A¤Lª�¸¹©4�$È�¤L¸¼¨¡¶·¨·¦x¦>¨·¥§½�©F¤AªD¥n¾A´³©«¾%©«²¹¨¡¦>¨·©§ªA¯=°A¯x¶·¶Ñ¥3Ì§¯>©«½h¯x¸¹´¹¨Ñ¥3¾L´¹©«¨¡¯x¸¹¸¹¨¡µ¿¥�ó�¾�¯x´
¶Ñ¥`°A¨¡½�©§²³¸¼´¹¥§¦>¨¡©«ªA¯3²³¨�µ«¯x°D¥Ö&ö¥§²³­A¨·ªAÌ¿¸¼©«ª�È�è» �º=éuÈA¾A¥§Ì«ÌA�6�§Ê�ÏQÆ(�«ôæ�
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I ���"ßk���������+�%���8��ª+�Èê
Ë$¨Ñ¥¿ªA©

`1, `2, `3
¸¼´³¯ ´³¯x¸³¸¼¯F¬®­A¯W¨¡ª�¸¹¯>´³²¹¯>¬>¥§ªA©`¤LªD¥4¬x¤AÍA¨·¬>¥4¨¡ª�ªA©
µ§¯W¾A¤Aª(¸¹¨uø

P1
È��»�»�¡È

P9
ó+¬>©§ª�¸¼¥¿¸¼¨"¬x©«ª

¶Ñ¥±¶·©«´³©`½�©§¶¡¸¼¯x¾A¶·¨¡¬>¨»¸5!(ô�¯3²³¨Ñ¥§ªL©
`′1, `′2, `′3

¸¼´³¯3´¹¯d¸¹¸¼¯W¬®­A¯n¨·ª(¸¼¯x´¹²³¯>¬�¥¿ªA©t¶Ñ¥4¬x¤AÍA¨¡¬�¥`ªA¯x¨�¾A¤Aª(¸¼¨
Q1
È:�¡�»�¡È

Q9
�ÐË
¯

Pi = Qi

¾%¯>´
i = 1, ..., 8

¥§¶¡¶·©«´¹¥
P9 = Q9

�
ïk´¹©
µ
¨Ñ¥§½h©t¥§°A¯x²¹²¹©è�$�pòN©«Ì§¶·¨Ñ¥¿½�©4½�©«²e¸¼´¹¥§´¹¯n¬®­A¯

(A + B) + C = A + (B + C).ÎÐ©«ªA²³¨·°A¯x´¹¨Ñ¥¿½�©`¶¡¯3¸¼´³¯±´³¯x¸³¸¼¯§ø
 «�

`1
¬®­A¯4¨¡ª(¸¼¯>´³²¹¯x¬�¥t¶Ñ¥�¬>¤A´eµ¿¥t¯x¶·¶¡¨¡¸¹¸¹¨·¬>¥4ªA¯x¨â¾L¤Aª(¸¼¨

A
È
B
¯ −(A + B)

.
�$�

`2
¬®­A¯4¨¡ª(¸¼¯>´³²¹¯x¬�¥t¶Ñ¥�¬>¤A´eµ¿¥tªL¯>¨*¾A¤Aª(¸¹¨

O
È
C
¯ −C
.

ÆL�
`3
¬®­A¯4¨¡ª(¸¼¯>´³²¹¯x¬�¥t¶Ñ¥�¬>¤A´eµ¿¥tªL¯>¨*¾A¤Aª(¸¹¨ −A

È −(B + C)
¯

A + (B + C)
�

¢ ¶¡¯3¸¼´¹¯y´³¯x¸¹¸¹¯§ø
 «�

`′1
¬®­A¯4¨¡ª(¸¼¯>´³²¹¯x¬�¥t¶Ñ¥�¬>¤A´eµ¿¥tªL¯>¨*¾A¤Aª(¸¹¨

B
È
C
¯ −(B + C)

.
�$�

`′2
¬®­A¯4¨¡ª(¸¼¯>´³²¹¯x¬�¥t¶Ñ¥�¬>¤A´eµ¿¥tªL¯>¨*¾A¤Aª(¸¹¨

O
È
A
¯ −A
.

ÆL�
`′3
¬®­A¯4¨¡ª(¸¼¯>´³²¹¯x¬�¥t¶Ñ¥�¬>¤A´eµ¿¥tªL¯>¨*¾A¤Aª(¸¹¨ −C

È −(A + B)
¯

(A + B) + C
�

ê3²¹²¹¯x´³µ¿¥§ªA°L©n¬®­A¯=©§¸³¸¼©W°L¯>¨L¾L¤Aª(¸¼¨L°L¨$¨¡ª�¸¹¯>´³²¹¯>¦x¨·©«ªL¯=°A¨
`1, `2

¯
`3
¬x©«ª`¶·¥ ¬>¤L´³µ¿¥3¯>¶¡¶·¨¡¸³¸¼¨¡¬�¥=¬>©§¨·ªA¬x¨·°A©«ªL©

¬>©«ª�©¿¸¹¸¼©W°A¯>¨$¾A¤Aª(¸¼¨A°L¨L¨·ª(¸¹¯>´¹²³¯>¦x¨·©«ªA¯Ð°A¨
`′1, `′2, `′3

¬x©«ª`¸®¥§¶¡¯Ð¬x¤A´³µ¿¥3¯>°t¥¿¾A¾A¶·¨¡¬�¥§ªL°A©3¶Ñ¥F¾A´¹©§¾�©«²³¨·¦x¨·©«ªA¯
¾A´¹¯x¬>¯x°A¯>ª(¸¼¯¿È�²³¨*©§¸¹¸¹¨·¯xªA¯

(A + B) + C = A + (B + C).

�

ìWªD¥¿¶·¨·¦x¦>¨·¥§½�©�©«´¹¥3¨$µ¿¥§´³¨L¬�¥¿²¹¨uÈ«¥3²¹¯>¬x©«ªA°D¥n°A¯x¶·¶·¥ ¬�¥¿´¼¥¿¸³¸¼¯>´³¨·²e¸¼¨·¬>¥W°A¯x¶A¬�¥§½h¾%©AÈ§¯=¸¹´¹©
µ
¨Ñ¥§½h©W¶¡¯+#�©«´³½`¤A¶·¯
¾�¯x´�¬�¥§¶¡¬>©«¶·¥§´¹¯W¶uÿõ©«¾A¾%©«²³¸¹©h¯n¶·¥�²¹©«½h½è¥`°L¨*°A¤A¯y¾A¤Aª(¸¼¨��
�;�Ê�;�¯� GI[NJL[pS
S$M�JLReX(S$RQU:[ë��ì�GIHFJLK�[ X$HF]vM�JLX$RQaWjNgNPQ[kJAM
I ���"ßk���������+�%���8��ª+�"��«�ítßâßk���x�
��­
ä3¥¿¸¼¥v¶Ñ¥±¬>¤A´eµ§¥

E
ÈL°L¯xÙDªA¨»¸®¥v°A¥§¶·¶�ÿÓ¯x£
¤A¥§¦>¨¡©«ªA¯4óu�$�Çº«ôæÈA¥§ÍAÍL¨Ñ¥§½h©4¬®­L¯§ÈA²³¯

P
*3¨·¶"¾A¤Lª�¸¹©�°A¨%¬>©
©«´¹°A¨¡ªD¥¿¸¹¯

(x, y)
ÈA¥§¶¡¶·©«´¹¥ −P = (x, y + c)

�
® �R�ö���x�����L���+�%���
òN©«Ì«¶¡¨Ñ¥§½h©h¸¹´¹©
µ¿¥§´¹¯�¨¡¶�²³¯>¬>©§ªA°A©Ã¾A¤Aª(¸¼© 6= O

¬®­A¯h¥§ÍLÍA¨Ñ¥7¥§²³¬>¨¡²¹²¼¥
x
�tË
¨�µ«¯x´¹¨¡ÙA¬�¥7¬®­A¯t²¹¯t¶Ñ¥É¬x©«¾A¾A¨·¥

(x, y)
²³©$°A°L¨·²�#+¥.¶uÿõ¯>£�¤D¥¿¦>¨·©§ªA¯)óu�$�Çº«ôdÈÐ¥§ªA¬®­A¯Ã¶Ñ¥ ¬x©«¾A¾A¨·¥

(x, y + c)
¶·¥I²³©$°L°A¨·²¯#+¥L� ãTª�#+¥¿¸¹¸¹¨uÈ6¨·¶�¶Ñ¥�¸¼©

°A¯>²e¸¼´³©v°A¯x¶·¶uÿõ¤AÌ«¤A¥§Ì«¶·¨·¥§ªA¦>¥W´¹¯x²³¸®¥y¨·ª(µ¿¥§´³¨Ñ¥¿¸¹©AÈ(½�¯xª(¸¼´¹¯�¨¡¶D¶Ñ¥¿¸¹©±²³¨·ªA¨¡²³¸¹´¹©�ó+¬>¥§¶·¬x©«¶Ñ¥§ªL°A©y¨·ªt¬�¥§´¹¥¿¸¹¸¹¯>´³¨·²³¸¹¨·¬>¥
�«ô�*

(y + c)2 + c(y + c) = y2 + c2 + cy + c2 = y2 + cy¬®­A¯6*y¤AÌ«¤D¥§¶¡¯y¥§¶�¶·¥¿¸¼©�°A¨*²³¨·ªA¨¡²³¸¹´¼¥�°A¯>¶¡¶uÿõ¯>£�¤D¥§¦x¨·©«ªL¯tóu�$�Çº«ôæ�
�
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I ���"ßk���������+�%���8��ª+�
�D«�î:���J�ö�.�â�=������ß����%���Y­
Ë$¨Ñ¥¿ªA©

P = (x1, y1)
¯

Q = (x2, y2)
ÈL¬>©§ª

P 6= −Q
ó+¥§¶¡¸¹´¹¨¡½�¯xª�¸¹¨

P + Q = O
ôæ�NË$¨�¾�©«²³²¹©«ªL©t¥
µ§¯>´³¯

°A¤A¯y¬�¥¿²¹¨uø
 «��²³¯

P 6= Q
¥§¶¡¶·©«´¹¥v¶·¯n¬x©$©«´³°A¨·ªA¥¿¸¼¯n°A¨

R = P + Q
²¹©«ªA©







x3 =
(

y1+y2

x1+x2

)2

+ x1 + x2

y3 =
(

y1+y2

x1+x2

)

(x1 + x3) + y1 + c;

�$��²³¯
P = Q

¥§¶¡¶·©«´¹¥v¶·¯n¬x©$©«´³°A¨·ªA¥¿¸¼¯n°A¨
R = P + Q

²¹©«ªA©
{

x3 =
x4
1+a2

c2

y3 =
(

x2
1+a

c

)

(x1 + x3) + y1 + c.

® �R�ö���x�����L���+�%���
ìWªD¥¿¶·¨·¦x¦>¨·¥§½�©4²¹¯x¾D¥§´¼¥�¸®¥§½h¯>ª(¸¼¯y¨�°L¤A¯4¬>¥§²¹¨*¬®­L¯4¾%©«²¹²³©«ªA©t¾A´³¯>²¹¯xª(¸®¥§´³²¹¨uø
 «�

P 6= Q
øN¶·¥`´¹¯x¸³¸®¥

`
¾A¥§²¹²¹¥§ª(¸¼¯±¾�¯x´

P
¯

Q
*±°A¥¿¸®¥�°D¥§¶¡¶uÿõ¯>£�¤D¥§¦x¨·©«ªL¯

y = αx + β,

¬x©«ª
α = y2−y1

x2−x1
= y1+y2

x1+x2

ó�¾�©«²³²¹¨·¥§½�©;°A¨»µ
¨·°A¯x´¹¯ ¾%¯>´
(x2 − x1)

¾%¯>´³¬®­8?I²¼¥§¾A¾L¨Ñ¥§½h©;¬®­A¯
P 6= ±Q

¯F£�¤A¨·ªA°L¨%¨"°A¤L¯W¾A¤Aª(¸¹¨�ªA©§ªè­D¥§ªLªA©v¶·¥±²e¸¼¯>²³²¼¥`¥¿²¹¬>¨¡²¹²¹¥(ôdÈ
β = y1−αx1 = y1 +αx1.Ë$©§²³¸¼¨»¸¼¤A¨·¥§½h©`°A¤AªA£�¤A¯

αx + β
¥§¶�¾%©«²³¸¹©t°A¨

y
ªA¯x¶·¶uÿõ¯>£�¤D¥¿¦>¨·©§ªA¯n°A¯>¶¡¶Ñ¥`¬x¤A´³µ¿¥�¯>°Ã©§¸¹¸¹¯>ªA¨·¥§½h©

(αx + β)2 + c(αx + β) = x3 + ax + b.��¨·¬x©«´¹°A¨·¥§½h©±¬®­L¯W¶Ñ¥y²¹©§½�½�¥±°L¯>Ì«¶¡¨%¦x¯>´³¨�°A¨%¤AªÉ¾%©«¶¡¨·ªA©«½h¨·©W°A¨�Ì§´¼¥§°A©
n
* ¤AÌ«¤D¥¿¶·¯F¥§¶·¶�ÿÓ©§¾A¾�©§²³¸¼©

°A¯x¶ ¬x©$¯dåh¬>¨·¯xª(¸¼¯Ã°A¯>¶�¸¼¯x´¹½h¨·ªA¯7°A¨�Ì«´¹¥§°A©
(n − 1)

.F¨·ª;£�¤A¯>²e¸¼©�¬>¥§²¹©)¶uÿõ©«¾A¾%©«²³¸¹©)°L¯>¶�¬>©
¯xå�Ï
¬x¨·¯>ª(¸¹¯v°A¯x¶�¸¹¯>´³½�¨¡ªA¯y°A¨�²¹¯>¬x©«ªA°A©èÌ«´¼¥§°L©Þ*

α2 ."°A¤AªL£
¤L¯`²¹¨�´¹¨¡¬�¥�µ¿¥h¬®­L¯v¶uÿÓ¥§²³¬>¨·²³²¼¥h°A¨ R ó�¸¹¯>´¹¦>¥
¨¡ª�¸¹¯>´³²¹¯>¦x¨·©«ªL¯±°L¯>¶·¶·¥`´¹¯d¸¹¸®¥t¬>©§ªÃ¶·¥�¬>¤A´eµ§¥«ô�*

x3 = α2 − x1 − x2 = α2 + x1 + x2 =

(

y1 + y2

x1 + x2

)2

+ x1 + x2.

Ë
µ§©«¶·Ì§¯>ªA°A©h¨*¬�¥¿¶·¬>©§¶·¨:©¿¸¹¸¼¯xªA¨Ñ¥¿½�©`£�¤A¨¡ªA°A¨*¬®­A¯

y3 = αx3 + β + c = α(x1 + x3) + y1 + c =

(

y1 + y2

x1 + x2

)

(x1 + x3) + y1 + c
�

�$�FË$¯
P = Q

È�¶·¥=´¹¯x¸³¸®¥
`
¸®¥§ªAÌ§¯>ª(¸¼¯6¥§¶¡¶Ñ¥Ð¬x¤A´³µ¿¥�ªA¯>¶(¾L¤Aª(¸¼©

P
*k°D¥¿¸¼¥�°D¥§¶·¶�ÿÓ¯x£�¤D¥§¦>¨¡©«ªA¯

y = αx+β,°A©
µ§¯§ø
α = dy

dx
=

3x2
1+a

2y1+c
=

x2
1+a

c

È
β = y1 − αx1 = y1 + αx1

�2ïk´³©$¬x¯>°A¯xªA°A©É¬x©«½�¯nªL¯>¶�¬�¥§²³©
¾A´³¯>¬x¯>°A¯xª�¸¹¯§È%´¹¨¡¬�¥�µ
¨Ñ¥§½h©

{

x3 = α2 + 2x1 = α2 =
x4
1+a2

c2

y3 = αx3 + β + c = α(x1 + x3) + y1 + c =
(

x2
1+a

c

)

(x1 + x3) + y1 + c.

�
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I ���"ßk���������+�%���8��ª+�
ÝD«�ítßâßk���x�
��­
ä3¥¿¸¼¥v¶Ñ¥±¬>¤A´eµ§¥

E
ÈL°L¯xÙDªA¨»¸®¥v°A¥§¶·¶�ÿÓ¯x£
¤A¥§¦>¨¡©«ªA¯4óu�$�ÓÁ(ôæÈA¥§ÍAÍL¨Ñ¥§½h©4¬®­L¯§ÈA²³¯

P
*3¨·¶"¾A¤Lª�¸¹©�°A¨%¬>©
©«´¹°A¨¡ªD¥¿¸¹¯

(x, y)
ÈA¥§¶¡¶·©«´¹¥ −P = (x, y + x)

�
® �R�ö���x�����L���+�%���
ÎÐ¯>´³¬®­A¨Ñ¥§½h©É¶�ÿÓ¤AªL¨·¬>©É¥§¶¡¸¹´¹©è¾L¤Aª(¸¼© 6= O

°L¯>¶·¶·¥�¬x¤A´³µ¿¥LÈ�¬x©«ªI¥§²¹¬x¨·²³²¼¥
x
�±î�¥É¬>©«¾A¾L¨Ñ¥

(x, y)
²¹©
°A°A¨¡²�#+¥

¶uÿõ¯>£�¤D¥§¦x¨·©«ªL¯Ãóu�$�ÓÁ(ôd�èÎ=¥§¶¡¬>©«¶¡¨Ñ¥§½h©É¶Ñ¥7²e¸¼¯>²³²¼¥Ã¯>£�¤D¥§¦x¨·©«ªA¯hªA¯x¶6¾L¤Aª(¸¼©
(x, y + x)

��ãT¶k¶Ñ¥¿¸¹©Ã°L¨k°A¯>²e¸¼´¼¥
´¹¨¡½è¥§ªL¯3¨·ªD¥¿¶¡¸¼¯x´¼¥¿¸¹©AÈ
½�¯xª�¸¹´¹¯y¨·¶�¸¼¯>´³½�¨¡ªA¯3°A¨*²³¨·ªA¨¡²³¸¹´¼¥`°A¨»µ$¨¡¯>ªA¯

(y + x)2 + x(y + x) = y2 + x2 + xy + x2 = y2 + xy,

¬®­A¯�*6¤AÌ«¤A¥§¶·¯2¥§¶�¶Ñ¥¿¸¹©�°A¨$²³¨·ªA¨¡²³¸¹´¼¥�°A¯>¶¡¶uÿõ¯>£�¤D¥§¦x¨·©«ªA¯ ó��$�ÇÁ«ôd�
�

I ���"ßk���������+�%���8��ª+�(�³«�î:���J�ö�.�â�=������ß����%���Y­
Ë$¨Ñ¥¿ªA©

P = (x1, y1)
¯

Q = (x2, y2)
ÈL¬>©§ª

P 6= −Q
ó+¥§¶¡¸¹´¹¨¡½�¯xª�¸¹¨

P + Q = O
ôæ�NË$¨�¾�©«²³²¹©«ªL©t¥
µ§¯>´³¯

°A¤A¯y¬�¥¿²¹¨uø
 «��²³¯

P 6= Q
¥§¶¡¶·©«´¹¥v¶·¯n¬x©$©«´³°A¨·ªA¥¿¸¼¯n°A¨

R = P + Q
²¹©«ªA©

{

x3 =
(

y1+y2

x1+x2

)2

+ y1+y2

x1+x2
+ x1 + x2 + a

y3 = y1+y2

x1+x2
(x1 + x3) + x3 + y1;

�$��²³¯
P = Q

¥§¶¡¶·©«´¹¥v¶·¯n¬x©$©«´³°A¨·ªA¥¿¸¼¯n°A¨
R = P + Q

²¹©«ªA©
{

x3 = x2
1 + b

x2
1

y3 = x2
1 +

(

x1 + y1

x1

)

x3 + x3.

® �R�ö���x�����L���+�%���
ìWªD¥¿¶·¨·¦x¦>¨·¥§½�©4²¹¯x¾D¥§´¼¥�¸®¥§½h¯>ª(¸¼¯y¨�°L¤A¯4¬>¥§²¹¨*¬®­L¯4¾%©«²¹²³©«ªA©t¾A´³¯>²¹¯xª(¸®¥§´³²¹¨uø
 «�FË$¯

P 6= Q
Èp¶Ñ¥o´¹¯d¸¹¸¼¥

`
¾D¥§²³²¼¥§ª(¸¼¯è¾�¯x´

P
¯

Q
*è°D¥¿¸¼¥8°D¥§¶¡¶uÿõ¯>£�¤D¥§¦x¨·©«ªL¯

y = αx + β,
¬>©§ª

α = y2−y1

x2−x1
= y1+y2

x1+x2

È
β = y1 − αx1 = y1 + αx1

��Ë
©«²³¸¹¨¡¸¼¤L¨Ñ¥§½h©�°A¤AªA£�¤A¯
αx + β

¥§¶*¾%©«²e¸¼©
°A¨

y
ªA¯>¶¡¶uÿõ¯>£�¤D¥§¦x¨·©«ªA¯n°L¯>¶·¶·¥`¬>¤A´eµ¿¥�¯>°Ã©§¸¹¸¹¯>ªA¨·¥§½�©�¬®­L¯

(αx + β)2 + x(αx + β) = x3 + ax2 + b
�

ãTªÃ£�¤A¯>²e¸¼©è¬>¥§²¹©h¶uÿõ©«¾A¾%©«²e¸¼©�°A¯x¶*¬>©
¯xåh¬>¨¡¯>ª(¸¼¯±°A¯>¶�¸¹¯>´³½�¨¡ªA¯n°A¨�²³¯>¬>©§ªA°A©èÌ§´¼¥§°A©Ö*
α2 + α− a = α2 + α + a
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¯y£�¤A¨·ªL°A¨�¥§ÍAÍA¨·¥§½h©

x3 = α2 + α + a− x1 − x2

=

(

y1 + y2

x1 + x2

)2

+
y1 + y2

x1 + x2
+ x1 + x2 + a

y3 = αx3 + β + x3 = α(x1 + x3) + y1 + x3 =
y1 + y2

x1 + x2

(x1 + x3) + x3 + y1.

�$�FË$¯
P = Q

È�¶·¥=´¹¯x¸³¸®¥
`
¸®¥§ªAÌ§¯>ª(¸¼¯6¥§¶¡¶Ñ¥Ð¬x¤A´³µ¿¥�ªA¯>¶(¾L¤Aª(¸¼©

P
*k°D¥¿¸¼¥�°D¥§¶·¶�ÿÓ¯x£�¤D¥§¦>¨¡©«ªA¯

y = αx+β,°A©
µ§¯§ø
α = dy

dx
=

x2
1+y1

x1
= x1 + y1

x1

È
β = y1−αx1 = y1 +αx1 = y1 +x1

(

x1 + y1

x1

)

= x2
1

�
ïk´¹©
¬>¯x°A¯>ªL°A©è¬x©«½�¯nªL¯>¶*¾D¥§´¹¥§Ì«´¹¥ï#�©t¾A´¹¯x¬>¯>°L¯>ª(¸¼¯¿È�²³¨*´¹¨·¬>¥�µ§¥

x3 = α2 + α + a + 2x1 = α2 + α + a =
x4

1 + y2
1

x2
1

+
x2

1 + y1

x1

+ a

=
x4

1 + (y2
1 + x3

1 + x1y1 + ax2
1)

x2
1

= x2
1 +

b

x2
1

È

y3 = αx3 + β + x3 = x2
1 +

(

x1 +
y1

x1

)

x3 + x3
�
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ÈL°L¯xÙDªA¨»¸®¥v°A¥§¶·¶�ÿÓ¯x£
¤A¥§¦>¨¡©«ªA¯4óu�$�ÇÖ«ôæÈA¥§ÍAÍL¨Ñ¥§½h©4¬®­L¯§ÈA²³¯

P
*3¨·¶"¾A¤Lª�¸¹©�°A¨%¬>©
©«´¹°A¨¡ªD¥¿¸¹¯

(x, y)
ÈA¥§¶¡¶·©«´¹¥ −P = (x,−y)

�
® �R�ö���x�����L���+�%���
Ë$¨(©«²³²¹¯>´eµ¿¥ ¨·½h½h¯>°A¨·¥¿¸®¥§½h¯>ª(¸¹¯�¬®­A¯6²¹©«²e¸¼¨»¸¼¤A¯xªA°A© −y

¥¿¶(¾�©«²e¸¼©F°A¨
y
ªA¯x¶·¶�ÿÓ¯x£
¤A¥§¦>¨¡©«ªA¯Fóu�
�ÂÖ«ô�¯xª�¸¹´¼¥§½vÍA¨(¨

¶Ñ¥¿¸¹¨:°A¯x¶·¶�ÿÓ¤AÌ§¤D¥§Ì«¶¡¨Ñ¥§ªA¦>¥4´³¯>²³¸¼¥§ªA©h¨·ª(µ¿¥§´¹¨·¥¿¸¼¨��
�

I ���"ßk���������+�%���8��ª+��ÚD«�î:���J�ö�.�â�=������ß����%���Y­
Ë$¨Ñ¥¿ªA©

P = (x1, y1)
¯

Q = (x2, y2)
ÈL¬>©§ª

P 6= −Q
ó+¥§¶¡¸¹´¹¨¡½�¯xª�¸¹¨

P + Q = O
ôæ�NË$¨�¾�©«²³²¹©«ªL©t¥
µ§¯>´³¯

°A¤A¯y¬�¥¿²¹¨uø
 «��²³¯

P 6= Q
¥§¶¡¶·©«´¹¥v¶·¯n¬x©$©«´³°A¨·ªA¥¿¸¼¯n°A¨

R = P + Q
²¹©«ªA©







x3 =
(

y2−y1

x2−x1

)2

− a− x1 − x2

y3 =
(

y2−y1

x2−x1

)

(x1 − x3)− y1;

�$��²³¯
P = Q

¥§¶¡¶·©«´¹¥v¶·¯n¬x©$©«´³°A¨·ªA¥¿¸¼¯n°A¨
R = P + Q

²¹©«ªA©






x3 =
(

2ax1+b
2y1

)2

− a− 2x1

y3 =
(

2ax1+b
2y1

)

(x1 − x3)− y1.
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P 6= ±Q
ø3¶·¥É´¹¯d¸¹¸®¥É¾A¥§²¹²¹¥§ª(¸¼¯h¾�¯x´

P
¯

Q
­A¥o¯x£�¤D¥§¦>¨¡©«ªA¯

y = αx + β,
°L©�µ§¯

α = y2−y1

x2−x1

È
β = y1− αx1

�6Ë$©§²³¸¼¨»¸¼¤A¯xªA°A©
αx + β

¥§¶%¾%©«²³¸¹©`°A¨
y
ªA¯x¶·¶uÿõ¯>£�¤D¥¿¦>¨·©§ªA¯W°A¯x¶·¶·¥4¬>¤L´³µ¿¥v²¹¨�©§¸¹¸¹¨·¯xªA¯

(αx + β)2 = x3 + ax2 + bx + c

¯y£�¤A¨·ªL°A¨*¨·¶:¸¹¯>´³½�¨¡ªA¯3°A¨*²³¯>¬>©§ªA°A©èÌ§´¼¥§°A©Ö*
(a− α2)

�6äW¨*¬>©§ªA²¹¯xÌ«¤A¯>ªL¦�¥






x3 = α2 − a− x1 − x2 =
(

y2−y1

x2−x1

)2

− a− x1 − x2

y3 = −(αx3 + β) = −αx3 − y1 + αx1 = α(x1 − x3)− y1 =
(

y2−y1

x2−x1

)

(x1 − x3)− y1.

�$�
P = Q

ø2²¹¨â¾A´¹©
¬>¯x°A¯v¬x©«½�¯4¥§¶�¾A¤Aª(¸¹©É¾A´¹¯x¬>¯x°A¯>ª(¸¼¯v½è¥t¬>©«ª
α = dy

dx
=

3x2
1+2ax1+b

2y1
= 2ax1+b

2y1ó�´¹¨·¬x©«´¹°L¨Ñ¥§½h©`¬®­A¯±²¹¨·¥§½�©�¨¡ª7¬�¥§´¹¥¿¸¹¸¹¯>´³¨·²³¸¹¨·¬>¥�Æ(ô=¯n²¹¨�©§¸¹¸¹¨·¯xªA¯






x3 = α2 − a− 2x1 =
(

2ax1+b
2y1

)2

− a− 2x1

y3 = α(x1 − x3)− y1 =
(

2ax1+b
2y1

)

(x1 − x3)− y1.
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ÈL°L¯xÙDªA¨»¸®¥v°A¥§¶·¶�ÿÓ¯x£
¤A¥§¦>¨¡©«ªA¯4óu�$�ÓÅ(ôæÈA¥§ÍAÍL¨Ñ¥§½h©4¬®­L¯§ÈA²³¯

P
*3¨·¶"¾A¤Lª�¸¹©�°A¨%¬>©
©«´¹°A¨¡ªD¥¿¸¹¯

(x, y)
ÈA¥§¶¡¶·©«´¹¥ −P = (x,−y)

�
® �R�ö���x�����L���+�%���
Ë$¨(©«²³²¹¯>´eµ¿¥ ¨·½h½h¯>°A¨·¥¿¸®¥§½h¯>ª(¸¹¯�¬®­A¯6²¹©«²e¸¼¨»¸¼¤A¯xªA°A© −y

¥¿¶(¾�©«²e¸¼©F°A¨
y
ªA¯x¶·¶�ÿÓ¯x£
¤A¥§¦>¨¡©«ªA¯Fóu�
�ÇÅ(ô�¯xª�¸¹´¼¥§½vÍA¨(¨

¶Ñ¥¿¸¹¨:°A¯x¶·¶�ÿÓ¤AÌ§¤D¥§Ì«¶¡¨Ñ¥§ªA¦>¥4´³¯>²³¸¼¥§ªA©h¨·ª(µ¿¥§´¹¨·¥¿¸¼¨��
�

I ���"ßk���������+�%���8��ª+��àD«�î:���J�ö�.�â�=������ß����%���Y­
Ë$¨Ñ¥¿ªA©

P = (x1, y1)
¯

Q = (x2, y2)
ÈL¬>©§ª

P 6= −Q
ó+¥§¶¡¸¹´¹¨¡½�¯xª�¸¹¨

P + Q = O
ôæ�NË$¨�¾�©«²³²¹©«ªL©t¥
µ§¯>´³¯

°A¤A¯y¬�¥¿²¹¨uø
 «��²³¯

P 6= Q
¥§¶¡¶·©«´¹¥v¶·¯n¬x©$©«´³°A¨·ªA¥¿¸¼¯n°A¨

R = P + Q
²¹©«ªA©







x3 =
(

y2−y1

x2−x1

)2

− x1 − x2

y3 = −y1 + (y2−y1)(x1−x3)
x2−x1

;

�$��²³¯
P = Q

¥§¶¡¶·©«´¹¥v¶·¯n¬x©$©«´³°A¨·ªA¥¿¸¼¯n°A¨
R = P + Q

²¹©«ªA©






x3 =
(

3x2
1+a

2y1

)2

− 2x1

y3 = −y1 +
(

3x2
1+a

2y1

)

(x1 − x3).
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P = (x1, y1)
È
Q = (x2, y2)

È2¬>©«ª
x1 6=x2

ø�¶·¥.´³¯x¸³¸®¥
`
¾D¥§²³²¼¥§ª(¸¼¯�¾�¯x´

P
¯

Q
²¼¥§´%!I°A¯x¶

¸¹¨·¾%©
y = αx + β,

¬>©«ª
α = y2−y1

x2−x1

È
β µ y1 − αx1

� - ¤L¨·ªA°A¨�¨�¾A¤Lª�¸¹¨p°A¯x¶·¶Ñ¥�´¹¯x¸³¸®¥É²¹¥§´¼¥§ªLªA©
(x, αx+β)

¯�¶¡¯�¥§²¹¬x¨·²³²¹¯�°A¯>¨D¾L¤Aª(¸¼¨"¥§¾A¾A¥§´³¸¹¯>ªA¯xª�¸¹¨"¥§¶·¶�ÿÓ¨¡ª(¸¼¯>´³²¹¯x¦>¨·©§ªA¯2¸¹´¼¥n¶Ñ¥3´³¯x¸¹¸¼¥
`
¯�¶Ñ¥3¬x¤A´³µ¿¥

E
²¼¥¿´¼¥§ªAªL©�Ì«¶¡¨:¦x¯>´¹¨*°L¯>¶·¶�ÿÓ¯x£�¤D¥§¦>¨¡©«ªA¯

(αx + β)2 = x3 + ax + b
�

Ë$¨¡¬>¬x©«½�¯è¶Ñ¥�²³©«½h½è¥8°L¯>Ì«¶¡¨2¦x¯>´¹¨Ð°A¨Ð¤Aª{¾%©«¶¡¨·ªA©«½h¨·©o°A¨2Ì«´¼¥¿°A©
n
*7¤AÌ§¤D¥§¶·¯è¥§¶·¶�ÿÓ©§¾A¾�©§²³¸¼©Ã°A¯x¶

¬x©$¯då�¬x¨·¯xª�¸¹¯Ð°A¯x¶
¸¹¯>´³½�¨¡ªA¯N°A¨$Ì§´¼¥§°A©
(n−1)

È¿²¹¨�´¹¨¡¬�¥�µ¿¥ ¬®­A¯2¶uÿÓ¥§²¹¬x¨·²³²¼¥�°A¨/�@ó�¸¼¯>´³¦�¥F¨·ª(¸¼¯x´¹²¹¯x¦>¨¡©«ªA¯
°A¯x¶·¶·¥`´¹¯x¸³¸®¥t¬>©«ªÃ¶Ñ¥`¬x¤A´³µ¿¥(ô;*

x3 = α2 − x1 − x2 =

(

y2 − y1

x2 − x1

)2

− x1 − x2,

°D¥t¬>¤L¨uÈA²³©«²³¸¹¨¡¸¼¤L¯>ªA°A©hªA¯x¶·¶uÿõ¯>£�¤D¥¿¦>¨·©§ªA¯n°A¯>¶¡¶Ñ¥`´³¯x¸¹¸¼¥�©§¸¹¸¹¯>ªA¨·¥§½�©

y3 = − (αx3 + β) = − (αx3 + y1 − αx1) = α(x1−x3)−y1 = −y1+
(y2 − y1)(x1 − x3)

x2 − x1
.

�$��ãTªLÙAªA¯§È2²¹¯
P = Q

²¹¨=¾A´³©$¬x¯>°A¯Ã¬>©§½�¯o¥§¶Ð¾A¤Aª(¸¼©I¾A´¹¯x¬>¯x°A¯>ª(¸¼¯�½è¥�¬x©«ª
α = dy

dx
=

3x2
1+a

2y1

���¨·¬x©«´¹°D¥¿ªA°A©
¬>¨�¬®­A¯
x1 = x2

ÈA²¹¨*´³¨·¬>¥
µ¿¥






x3 =
(

3x2
1+a

2y1

)2

− 2x1

y3 = −y1 +
(

3x2
1+a

2y1

)

(x1 − x3).

�

�;�Ê�;��õ ö HWPbS$RQ]WPQR÷² M*R`]3HWa6SLR
® ��á��â�+�����%�â�8��ª����
Ë$¨Ñ¥

P
¤Aª)¾L¤Aª(¸¼©Ã²¹¤I¤AªD¥o¬>¤A´eµ§¥o¯>¶¡¶·¨»¸¹¸¼¨¡¬�¥

E
��Ë$¨·¥

k
¤AªI¨·ª(¸¹¯>´¹©L�täW¯xÙDªL¨Ñ¥§½h©

kP
ªA¯x¶·¶·¥É½è¥§ªL¨·¯>´¹¥

²¹¯xÌ«¤A¯>ª(¸¹¯§ø
 «�

kP = O
²³¯

k = 0
.

�$�
kP = P + P + ... + P

ó
k
µ«©§¶¡¸¼¯�ôdÈD²³¯

k > 0
.

ÆL�
kP = (−P ) + (−P ) + ... + (−P )

ó |k| µ§©«¶¡¸¹¯
ôæÈA²¹¯ k < 0
�

ï�¯x´2°A¨¡½�¨¡ª�¤A¨·´³¯�¨·¶Dª�¤A½h¯>´¹©4°A¯>¨%¬�¥¿¶·¬>©§¶·¨A°D¥±²³µ§©«¶·Ì«¯x´¹¯¿È$²³¨�¾A¤/7v¤L¸¹¨·¶·¨¡¦>¦>¥§´¹¯�¨¡¶D²¹¯>Ì§¤A¯>ª(¸¼¯3¥§¶·Ì«©§´¹¨¡¸¹½�©hó�°A¯>¨d�Uø¦ø¦�X5SøS�O�U(ùÞeaM'PRO)_aT	h5h5e5_5_aOQ��OÎú�È$¬®­A¯4¬x¨�¾%¯>´¹½h¯x¸³¸¼¯y°A¨*¬>¥§¶·¬x©«¶Ñ¥§´³¯
kP

¨·ª7¸¼¯x½�¾%©
O(
¶·©«Ì

k)
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a← k ¶Îû�¸ È B ← O
È
C ← P

.
�$��²³¯

a
*y¾D¥§´¹¨�È

a← a
2

È
C ← 2C

È
B
¨·ª(µ¿¥§´¹¨·¥¿¸¼©/.

ÆL��²³¯
a
*y°A¨·²³¾D¥§´¹¨�È

a← a− 1
È
B ← B + C

È
C
¨·ª(µ¿¥§´¹¨·¥¿¸¼©8.

ÒA��²³¯
a 6= 0

²¹¨�´³¨¡¸¼©§´¹ªD¥�¥§¶:¾A¤Aª(¸¼©è��.
º$��²³¨*´¹¯>²e¸¼¨»¸¼¤A¨¡²¹¬>¯y¬x©«½�¯n´³¨·²³¤A¶¡¸¼¥¿¸¼©

B
�

k4l¯ü ý�qE���w{}{��a�ata�A�)t$xzy3{ ~�q3tBx;r¹þ å`t�ÿ v3ta�)t
�;�RÛ��¯� � H3\ M�JLg ²WR�]WHWa2S$RÖ²WR�H aW[ U:HFJLK�[ M*PQPeRbS�S$RQU:[ X$HÜHWaÜU:[6\^]4g^_3a RTS$g
Ë$¨Ñ¥

k
¤Aªð¬>¥§½�¾%©.ÙDªA¨¡¸¹©

Fq

È
q = pr È p

¾L´¹¨·½h©A�@Ë$¨·¥
E
¤AªD¥ö¬x¤A´³µ¿¥ö¯x¶·¶·¨»¸¹¸¹¨·¬�¥�²³¤

k
�/Ë
¨ ªA©¿¸®¥#+¥§¬>¨¡¶·½h¯>ª(¸¼¯±¬®­A¯

E
¾A¤/7�¥�µ§¯>´¹¯h¥§¶�¾A¨g¨

2q + 1
¾A¤Aª(¸¼¨�ó�ÍD¥§²e¸®¥7©«²¹²³¯>´eµ§¥¿´¹¯�¬®­A¯¿Èâ¾%¯>´W©«Ì«ª�¤AªD¥7°A¯x¶·¶·¯

q²¹¬x¯>¶¡¸¹¯�¾�©«²³²¹¨¡ÍA¨·¶¡¨A¾�¯x´2¶·¥
x
È$¯x²¹¨·²e¸¼©«ªL©v¥§¶D¾L¨g0h°A¤A¯

y
¬®­A¯F²¹©
°A°A¨·²¯#+¥§ªA©±¶uÿõ¯>£�¤D¥§¦x¨·©«ªL¯(.�¬>©«²�Ùâ²³¨D©§¸¹¸¹¯>ªAÌ§©«ªA©

¥§¶�¾A¨1¨
2q
¾A¤Lª�¸¹¨uÈD¥t¬>¤L¨�µ§¥t¥§Ì§Ì«¨·¤Aª(¸¹©�¨·¶�¾A¤Lª�¸¹©è¥¿¶·¶uÿõ¨·ª$ÙDªA¨¡¸¹©

O
ôd�
�¤L¸³¸®¥�µ
¨Ñ¥LÈ%²¹¨¡¬>¬x©«½�¯±²¹©§¶·©h½�¯d¸5!�°L¯>Ì«¶¡¨â¯x¶·¯x½�¯xª�¸¹¨�°A¨

F∗
q

­D¥è´¼¥¿°A¨·¬x¯4£�¤D¥§°L´¼¥¿¸¼¥LÈ�²³¨Ñ¥§½h©h¾�©«´e¸®¥¿¸¹¨�¥
¾�¯xªA²¼¥¿´¹¯y¬®­A¯§È"¨¡ªÃ¯aç:¯d¸¹¸¹¨uÈ

E
¥§ÍLÍA¨Ñ¥��Q¬x¨·´³¬�¥��

q
¾A¤Lª�¸¹¨u�

Ë$¨Ñ¥
χ
¨¡¶�_aOQù��aX^VgX4¦(O	�)e�b�eaM�¦(d"e�

�/U�h5X���ON°A¨

Fq

ÈD¬x¨·©�*n£
¤L¯>¶·¶·¥w#�¤AªA¦x¨·©«ªA¯
χ : Fq → {0, 1,−1}

¸®¥§¶¡¯3¬®­A¯

χ(x) =







0
²¹¯

x ≡ 0
ó�½�©
°

p
ô

+1
²¹¯

x
­D¥h´¹¥§°A¨¡¬>¯n£�¤D¥§°A´¹¥¿¸®¥�²³¤

Fq

−1
²¹¯

x
ªA©«ªÃ­D¥�´¼¥§°A¨¡¬>¯n£�¤D¥§°L´¼¥¿¸¼¥h²³¤

Fq.�F¨¡¬>©«´³°A¨Ñ¥¿½�©�¬®­A¯¿È:Ì«¯xªA¯>´¹¥§¶·½h¯>ª(¸¹¯§È"¨·¶*²³¨·½`Í%©«¶·©t°A¨�î*¯>Ì«¯xªA°A´³¯v²¹¤8¤Aª8¬>¥§½�¾%©h°A¨�¬>¥§´¼¥�¸¹¸¼¯x´¹¨¡²³¸¼¨¡¬�¥
p
È
p¾A´¹¨¡½�©LÈ$²³¨*¨·ªA°A¨¡¬�¥�¬>©§ª

(x | p)
ÈA°A©
µ«¯

(

x

p

)

=







0
²¹¯

x ≡ 0
ó�½�©
°

p
ô

+1
²¹¯

x
­D¥�´¼¥§°A¨¡¬>¯y£�¤D¥§°A´¹¥¿¸®¥

(
½�©
°

p)
−1

²¹¯
x
ªA©«ªÃ­D¥�´¼¥§°A¨¡¬>¯n£�¤D¥§°L´¼¥¿¸¼¥

(
½�©
°

p),

½�¯xª(¸¼´¹¯n¨¡¶�²¹¨¡½`Í%©«¶·©`°L¨�î�¯xÌ«¯>ªL°A´¹¯æÏ��«¥§¬x©«ÍA¨*²¹¤Ã¤AªÃ¬�¥§½h¾%©h°L¨*¬�¥§´¹¥¿¸¹¸¹¯>´¹¨¡²³¸¹¨·¬�¥
n
£�¤D¥¿¶·¤AªA£�¤A¯¹*§ø

(x

n

)

J
=

{

0
²¹¯y½h¬>°

(x, n) > 1
(

x
p1

)(

x
p2

)

...
(

x
pk

) ²¹¯y½h¬>°
(x, n) = 1

¯
n = p1p2...pk.

¢�ÿ
¨¡½�½h¯>°L¨Ñ¥¿¸¹©Ð©«²³²¹¯>´eµ¿¥§´¹¯6¬®­A¯6¨·¶§ª�¤A½h¯>´³© °L¨(²¹©«¶¡¤A¦>¨¡©«ªA¨§°L¯>¶·¶�ÿÓ¯x£�¤D¥§¦>¨¡©«ªA¯
y2 = u

²³¤
Fq

*
1+χ(u)

�- ¤A¨·ªA°L¨�¾�©§²¹²¹¨·¥§½h©�¬�¥§¶¡¬>©«¶·¥§´¹¯3¨¡¶:ª�¤A½h¯>´³©�°A¨*¾L¤Aª(¸¼¨*°A¯x¶·¶Ñ¥`¬x¤A´³µ¿¥t¯>¶¡¶·¨¡¸³¸¼¨¡¬�¥
E
²³¤

Fq

*y°D¥¿¸¹©h°A¥
�

E(Fq) = 1 +
∑

x∈Fq

(

1 + χ(x3 + ax + b)
)

= q + 1 +
∑

x∈Fq

χ(x3 + ax + b).

º���½��QÍ�ËRÀÐÂ+ÒïÃ$ÍÐÃ
←
ÀÎÌ^Ó�À¼Ä¯Á;Ï=Ì�� Á$ËRËRÅ¯Ñ$Ì^Á���ÀÐÃ$Ì=Å Ô
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(x3 + ax + b)¬>©«½h¯�µ§¥¿¶·©«´³¨D¬�¥§²³¤D¥§¶·¨�È�¯3©«²¹²³¯>´eµ§¥¿ªA°A©`¬®­A¯WÌ«¶·¨"¤AªA¨¡¬>¨Dµ¿¥§¶·©§´¹¨"ªA©«ªÉª�¤A¶¡¶·¨"¥§²³²¹¤Aª(¸¹¨:°D¥
χ
²³©«ªA©

+1
¯ −1

È
´¹¨¡¬>©«´³°A¨Ñ¥§½h©h¨·¶ h%U(ùiùiOQM]X3U(Vge%U(PYX^daO�X(×�²¹¨�¶Ñ¥§ªA¬x¨Ñ¥è¤LªD¥É½�©§ªA¯x¸¼¥

n
µ«©«¶»¸¼¯�¯�²¹¨�#+¥É¤Aª.¾D¥§²¹²³©Ã¥
µ¿¥§ª(¸¹¨p©

¨·ªA°L¨·¯x¸¹´¹©W¥3²¹¯>¬x©«ªA°D¥n¬®­A¯�¯x²¹¬>¥W¸¼¯>²e¸®¥n©3¬x´¹©
¬>¯§��ãT¶L¬�¥¿¶·¬>©§¶·©W°L¯>¶·¶¡¯Ð¾A´³©«ÍD¥§ÍL¨·¶·¨»¸5!�¬>¨$°A¨·¬x¯=¬®­A¯�¨·¶
¬�¥¿½�½h¨·ªA©
¾�¯x´¹¬x©«´¹²³©h°L©«¾�©

n
¶Ñ¥¿ªA¬>¨�*y¬x¨·´¹¬>¥ √

n
ó+²³¨�µ«¯>°A¥÷
F©«ÍA¶·¨»¸¼¦¿ÈAèÓÁ=éuÈD¾A¥§Ì«ÌA�� �º§Ö�Ï® �º¿Ø(ôd�
�¥§¶¡¯�¸¼¨¡¾�©Ð°A¨«´¼¥¿Ì«¨·©«ªA¥§½�¯xª(¸¼©=¾A¤/7F¯x²¹²³¯>´¹¯z#�©«´³½è¥¿¶·¨·¦x¦�¥¿¸¹©Ð¯k¬x©«ªA°A¤A¬x¯6¥=¾A´¹©
µ¿¥§´¹¯k¬®­L¯ ∑

x∈Fq
χ(x3+

ax + b) ≤ 2
√

q
� - ¤L¯>²³¸¹©á*t¨·¶ ���
�"�����ö� �����Ã�'�:�>� ó�²¹¨kµ«¯x°D¥á
F©«ÍA¶·¨»¸¼¦`èõÁïé�È�¾D¥¿ÌA�� 
º§Ø(ô3°A¨k¬>¤L¨

´¹¨¡¾�©«´e¸¼¨·¥§½�©±¶uÿõ¯>ª�¤AªL¬>¨Ñ¥�¸¼©A�
�Ð���"�����ö�I��ª¡�'ê[«%�Ð���"�����ö�.�������'�:�x�'­
Ë$¨Ñ¥

Fq

¬�¥¿½�¾%©`ÙDªA¨»¸¼©t¬>©«ª
q = pr È p ¾A´³¨·½h©A�kË$¨·¥ E

¤AªD¥t¬>¤A´eµ§¥t¯>¶¡¶·¨»¸¹¸¼¨¡¬�¥±²¹¤
Fq

�kìW¶·¶¡©«´¼¥

| � E(Fq)− (q + 1) |≤ 2
√

q.

�;�RÛ���� �ÐS
JAH�S
S$HFJA[ ²WM*PhjNJLH ] ]vg [��4M*PeRQ[NaWg�² M*Rt]WHWa2S$R÷²WRtHWa [ U�H J$K�[ M*PQPeRbSøì
SLRQU�[ X
HÜHWaÜU:[6\^]vg _3aWRbS$g

Ë$¨Ñ¥
G
¨·¶�Ì«´¹¤L¾A¾�©3¥§Í�¯x¶·¨·¥§ªA©F°A¯>¨$¾A¤Aª(¸¼¨$°A¨$¤LªD¥W¬>¤L´³µ¿¥3¯>¶¡¶·¨¡¸³¸¼¨¡¬�¥�²¹¤`¤Lª�¬�¥§½h¾�©FÙDªA¨»¸¼©A��Ë$¨L¾L¤873¾A´³©�µ¿¥§´³¯

¬®­A¯
G
*y¨·²³©«½�©§´�#�©�¥§¶:¾A´¹©
°A©§¸³¸¼©t°A¨�¥§¶�¾L¨g¨o°A¤A¯yÌ«´³¤A¾A¾A¨*¬x¨·¬>¶¡¨·¬x¨

G ∼= Zd1 × Zd2 ,

°A©
µ«¯
d2 | d1

�Fó
d2 = 1

²³¯
G
*y¬>¨·¬x¶·¨¡¬>©�ôæ��ó+¬a#�´>�N
 ©§ÍA¶·¨»¸¼¦ièõÁïé�ÈD¾D¥§ÌA�� �º¿Ø(ôd�

Ú ¯>¶L¬�¥§²³©4¨¡ª�¬>¤A¨D²³¨D¶Ñ¥�µ«©«´³¨L¬x©«ª�¤LªD¥n¬>¤A´eµ§¥n¯x¶·¶·¨»¸¹¸¹¨·¬�¥
E
²¹¤h¤Aªh¥§ªA¯x¶·¶·©n°L¯>¶L¸¹¨·¾%©

Zn1n2

È
¬x©«ª
n1, n2°A¨·²³¾D¥§´³¨�¯y½�¬x°

(n1, n2) = 1
�6Ë$¨*¾A¤/7h°L¨·½h©«²³¸¹´¼¥§´³¯3¬®­A¯

E(Zn1n2)
∼= E(Zn1)× E(Zn2).

ó�ïâ¯>´�¶Ñ¥`°A¨¡½�©§²³¸¼´¹¥§¦>¨¡©«ªA¯3²³¨�µ«¯x°D¥4&ö¥§²¹­L¨·ªAÌ§¸¹©«ª�ÈAè  �º�éuÈD¾D¥¿Ì«ÌA�NÁ(º�ÏTÁ«Á(ôæ�
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¨Ñ¥¿ªA°A©n¥§°�ì ¶·¨¡¬>¯

C(A(M))
È(°A©
µ«¯

C
*=¨·¶
²¹¤L©n¶·¤A¬x¬®­A¯x¸³¸¼©AÈ

¬®­A¯`ì ¶·¨·¬x¯4ªL©«ª ¾A¤87É°L¨·²³¸¹¨·ªAÌ§¤A¯>´³¯v°D¥è£�¤A¯x¶·¶¡©É°A¨ ô ©«Í��3ãT¶�´¹¨¡²¹¬®­A¨¡©Þ*`£�¤A¨¡ªA°A¨â¬®­A¯�ìW¶¡¨·¬>¯¿È�²³¯>ª(¸¼¯xªA°A©«²³¨
²¹¨¡¬>¤A´¹¥8°A¯>¶Ð¶·¤A¬x¬®­A¯x¸³¸¼©

C
ÈN¥§¾A´¼¥�¨¡¶2¾L´¹©«¾A´³¨·©AÈ�´¹¨·²³¾�©§ªA°A¯>ªL°A©.¥ Î=¥§´³¶·©AÈp¯7ªL©«ª;¥ ô ©«Í{¬x©«½h¯É¬>´³¯>°A¯¿È

C(M)
ÈD²³µ«¯x¶Ñ¥§ªL°A©è¥hÎ=¥§´³¶·©t¨·¶�½�¯x²¹²¹¥§Ì«Ì«¨¡©

M
�

Ý�ª��'ª¡Ý�ª¡� Z ��������� �>�R�x�����)� ���`_O�'�:�>�badciíÖ�I������ª±Þ7�+à"�"�������ö�
 «��
â¤L¸¹¸¹¨*Ì«¶·¨:¤L¸¼¯xª�¸¹¨*²¹¨�¥§¬x¬>©«´³°D¥§ªA©h²¹¤Ã¤AªÃ¾A´¹¨¡½�©

p
²³¤Låh¬>¨¡¯>ª(¸¼¯x½�¯xª�¸¹¯4Ì§´¼¥§ªA°L¯§�

�$�Fê3Ì«ªA¨*¤$¸¼¯>ª(¸¹¯4²³¬>¯>Ì§¶·¨·¯W¤Aª�¯x¶·¯x½�¯xª�¸¹©
e ∈ Z∗

p−1

¯y¬>¥§¶·¬x©«¶Ñ¥
d ≡ e−1 ó+½h©$° (p− 1)

ô®�
Ë$¨Ñ¥

e
¬®­A¯

d
²³©«ªA©�¸¼¯xª
¤$¸¼¨�²¹¯xÌ«´¹¯d¸¼¨u�

ì £�¤A¯x²³¸¼© ¾A¤Aª(¸¼©LÈ§²¹¯2ìW¶¡¨·¬>¯pµ
¤A©§¶·¯6¨·ª(µ
¨Ñ¥§´³¯k¨·¶(½h¯>²¹²¹¥§Ì«Ì«¨¡©
M ∈ Zp

¥ ô ©«Í�È�¨�°A¤A¯6¤L¸¼¯xª(¸¼¨$¥§Ì«¨·²³¬>©«ªL©
ªA¯>¶¡¶Ñ¥`²³¯>Ì«¤A¯xª(¸¼¯±½è¥§ªL¨·¯>´¹¥Lø
 «��ì ¶·¨·¬x¯n¬�¥§¶¡¬>©«¶·¥

A = M eA
ó+½h©$°

p
ô�¯n¶¡©t¨·ª(µ
¨Ñ¥�¥ ô ©«Í�.

�$� ô ©§Í�¬>¥§¶·¬x©«¶Ñ¥
B = AeB = M eAeB

ó+½h©
°
p
ôÐ¯y¶·©�´¹¨¡½è¥¿ªA°D¥�¥§°oìW¶¡¨·¬x¯(.

ÆL��ì ¶·¨·¬x¯v¬>¥§¶·¬x©«¶Ñ¥
C = BdA = Be−1

A = M eAeBdA = M eAeBe−1
A = M eB

ó+½h©
°
p
ô ¯`¶¡©è¨¡ª�µ
¨·¥è¥ô ©§Í�� ó+ìW¶¡¨·¬x¯3­D¥�¸¼©«¶»¸¼©�¨·¶�²¹¤A©h¶·¤L¬>¬®­A¯d¸¹¸¼©(ôa.

ÒA��ìY£�¤A¯>²e¸¼©�¾A¤Aª(¸¼© ô ©«Ío¾A¤87h¬�¥¿¶·¬>©§¶Ñ¥§´³¯
D = CdB = Ce−1

B = M eBe−1
B = M

ó+½h©$°
p
ô3�



ü>�9�kù��������%4��ó�ß�N���*ùdü>�9 :ùa��úFùyüL��ù������65����87�ùdüL¢ ý ��Ò
- ¤A¯>²e¸¼©É¬x´¹¨¡¸³¸¼©«²³¨·²e¸¼¯>½�¥t­D¥èÌ«¶¡¨â²e¸¼¯x²¹²¹¨�¾A´¹¯xÌ«¨�¯4°A¨1#�¯d¸¹¸¹¨â°L¯>¶·¶�ÿÇ¥¿¶·Ì«©«´³¨¡¸¹½�©`°L¯>¶�°L©«¾A¾A¨¡©è¶·¤L¬>¬®­A¯d¸¹¸¼©L�3ï�¯x´
©
µ
µ
¨·¥§´¹¯6¨·¶�´¹¨¡²¹¬®­A¨¡© °L¨$¤Aª:ÿÓ¨¡ª�¸¹´¹¤A²³¨·©«ªL¯§È(*2ªA¯>¬x¯>²³²¼¥§´³¨·©n¥§Ì§Ì«¨·¤AªLÌ«¯>´³¯Ð¥§¶¡¶uÿÓ¥§¶·Ì§©«´¹¨»¸¼½h©Ð¤Aª4²¹¨·²e¸¼¯x½è¥F°A¨
ÙA´¹½�¥
°A¨·Ì§¨¡¸®¥¿¶·¯tó�©«²¹²³¨Ñ¥�¤Lª8½h¯x¸¼©
°A©h¬®­A¯`¬x©«ªA²¹¯xª(¸®¥è°A¨�¥§¤L¸¹¯>ª(¸¼¨¡¬�¥§´³¯4¶�ÿÓ¨¡°A¯>ª(¸¹¨¡¸5!�°A¯x¶�½h¨¡¸³¸¼¯xª�¸¹¯4½h¯>°L¨Ñ¥§ª(¸¼¯y¶·¥#�¤AªA¦x¨·©«ªA¯n°L¨*°A¯>¬x¨1#�´¼¥�¸¼¤A´¹¥`°A¨*¤AªÃ¬>´¹¨»¸¹¸¹©«²¹¨¡²³¸¼¯x½è¥�¥�¬®­A¨·¥�µ«¯±¾A¤AÍAÍA¶¡¨·¬>¥(ôd�
Û����N�¿ñ G.JARbS�SLgNX
RQX�S$M�\ [´²WRÖ°oPfer[6\ [NP
- ¤A¯>²e¸¼©4*n¤Aª8¥¿¶¡¸¼´³©�¬>´³¨¡¸¹¸¹©«²¹¨¡²³¸¹¯>½�¥`¬®­A¯4¤$¸¼¨·¶¡¨·¦x¦�¥v¨¡¶�¾A´¹©§ÍA¶·¯x½è¥`°A¯x¶*¶·©«Ì«¥§´¹¨»¸¼½h©v°A¨¡²¹¬>´³¯x¸¹©A�
 «��
â¤L¸¹¸¹¨pÌ«¶¡¨�¤L¸¹¯>ª(¸¼¨�²¹¨p¥¿¬>¬>©§´¹°D¥§ªL©7²¹¤.¤Aª ¾A´³¨·½h©É¥§ÍAÍA¥§²³¸¼¥§ªA¦�¥7Ì«´¹¥§ªA°A¯

p
¯>° ¤Aª.Ì«¯xªA¯>´¹¥¿¸¼©§´¹¯

g°A¨
Z∗

p

.
�$�Fê3Ì«ªA¨*¤$¸¼¯>ª(¸¹¯4²³¬>¯>Ì§¶·¨·¯W¶Ñ¥�¾A´¹©§¾A´¹¨·¥ h+*�O�U(�(e;S�d�OQ�^U(PÊU

x ∈ Z∗
p

¯y´¹¯xªA°A¯±¾A¤AÍAÍL¶·¨·¬x©
gx �

Ë$¤A¾A¾%©«ªA¨·¥§½h©F¬®­L¯=¬>¨
²¹¨·¥§ªA©W°L¤A¯=¤L¸¹¯>ª(¸¼¨�È§ìW¶¡¨·¬x¯2¯ ô ©«Í�È¿¬®­A¯Ðµ«©§Ì«¶·¨·¥§ªA©�¬>©«½v¤AªA¨·¬>¥§´¹¯¿��ì ¶·¨·¬x¯N­D¥W¬®­A¨·¥
µ§¯
¾A´¹¨»µ¿¥¿¸®¥

x
¯y¬®­A¨·¥�µ«¯±¾A¤AÍAÍA¶¡¨·¬>¥

a = gx . ô ©«ÍÃ­D¥h¬®­L¨Ñ¥�µ«¯±¾A´¹¨»µ¿¥¿¸®¥ y
¯y¬®­A¨·¥
µ§¯±¾A¤AÍAÍA¶¡¨·¬>¥

b = gy �=Ë
¯ìW¶¡¨·¬>¯ µ$¤L©«¶·¯n¨¡ª�µ
¨·¥§´¹¯y¥ ô ©«ÍÃ¨·¶:½�¯x²¹²¼¥¿Ì«Ì«¨·©
M
ø

 «��ì ¶·¨·¬x¯n²¹¬x¯>Ì«¶¡¨·¯y¥�¬�¥§²³©�¤Lª�¯x¶·¯>½h¯>ª(¸¹©
k ∈ Z∗

p

.
�$��ì ¶·¨·¬x¯n¨·ª(µ
¨Ñ¥�¥ ô ©«Ío¶Ñ¥`¬x©«¾A¾A¨·¥

(gk, Mbk)
.

ÆL� ô ©§Í�¬>¥§¶·¬x©«¶Ñ¥
gky = bk ¯±£�¤A¨¡ªA°A¨�´³¨·¬>¥
µ¿¥ M = Mbkg−ky �

üÞl%k g å`å`�$t$x;r6s;t$u\v3{ |3{��$�a{ x;qE���H{�{��$�at��A�)t�xzy3{ r¹�a�$r x��>t��A�)u\ä6�>r6ÿ r
îkÿÇ¥§¾L¾A¶·¨¡¬�¥§¦x¨·©«ªA¯±°A¯x¶·¶·¯v¬>¤A´eµ«¯t¯>¶¡¶·¨¡¸³¸¼¨¡¬®­A¯v¥¿¶·¶Ñ¥h¬>´³¨¡¸¹¸¹©«Ì«´¹¥¿Ù"¥Þ*�²e¸®¥¿¸¼¥É¾A´¹©«¾%©«²e¸®¥É¨·ªL°A¨·¾%¯>ªA°L¯>ª(¸¼¯x½�¯xª�¸¹¯
ªA¯>¶k �Å«Ø(º`°D¥hÚ ¯�¥¿¶)
 ©«ÍA¶¡¨¡¸¹¦n¯±°A¥tòW¨·¬x¸¹©«´F×�¨¡¶·¶·¯x´>�kã6µ§¥¿ª�¸¼¥§Ì«Ì«¨*¬®­L¯4¶¡¯n¬>¤A´eµ«¯v¯x¶·¶¡¨¡¸¹¸¹¨·¬®­A¯W¾A´¹¯x²¹¯>ª(¸¼¥§ªA©
´¹¨¡²¹¾%¯x¸¹¸¹©t¥§¨*¬�¥¿½�¾A¨�ÙDªA¨¡¸¹¨�²¹©§ªA©Aø
 «��¨¡¶D½�©«¶»¸¼¯x¾A¶·¨¡¬>¯=ª�¤A½h¯>´³©v°A¨"Ì«´³¤A¾A¾A¨%¥§Í%¯>¶¡¨Ñ¥§ªA¨�ó+¬x©«²³¸¹¨¡¸¼¤L¨¡¸¼¨D°A¥§¨D¾A¤Aª(¸¼¨%°A¨"¤AªD¥y¬>¤L´³µ¿¥(ôk¬®­A¯W²³¨%¾L¤87
¬x©«²³¸¹´¹¤A¨¡´¹¯y²¹¤Ã¤AªA©h²³¸¹¯>²¹²³©è¬>¥§½�¾%©`ÙDªA¨»¸¼©8.

�$��¨¡¶�#+¥¿¸³¸¼©`¬®­L¯§È"¥v°A¨cç:¯x´¹¯xªA¦�¥`°A¯x¨:¬>¥§½�¾L¨�ÙDªA¨»¸¼¨�È
ªL©«ª7¯>²³¨·²³¸¹©«ªA©t¥§¶¡Ì«©«´³¨¡¸¼½h¨A²³¤AÍ�¯x²¹¾%©«ªA¯xªA¦>¨·¥§¶·¨�¾�¯x´
´³¨·²¹©§¶¡µ«¯x´¹¯n¨¡¶�¾A´³©«ÍA¶¡¯>½�¥v°A¯>¶:¶·©«Ì(¥¿´¹¨¡¸¹½�©±°A¨¡²¹¬>´³¯x¸¹©h²³¤A¶·¶¡¯W¬x¤A´³µ§¯±¯x¶·¶¡¨¡¸¹¸¹¨·¬®­A¯FªA©«ªo²³¤A¾�¯x´¹²³¨·ªAÌ«©§¶Ñ¥§´³¨�.

ÆL��¨¡¶]#+¥¿¸¹¸¹©t¬®­A¯y´¹¨·¬®­L¨·¯>°L©«ªA©t¬®­A¨Ñ¥�µ
¨*¾A¨1¨Ã¬x©«´³¸¹¯y¾�¯x´FÌ«¥§´¼¥§ª(¸¹¨·´¹¯W¶Ñ¥`²³¸¹¯>²³²¼¥�²³¨·¬x¤A´¹¯x¦>¦�¥ ¶¼û�¸ �
Û��Ê�;�¯� �ihkj M °�G �lhOj
î*¯�¬>¤A´eµ«¯t¯>¶¡¶·¨¡¸³¸¼¨¡¬®­A¯v¾%¯>´³½�¯d¸¹¸¼©§ªA©7°A¨>#�©«´³½`¤A¶·¥§´¹¯`¤LªI¾L´¹©«ÍA¶¡¯>½�¥7¥§ªD¥§¶¡©«Ì«©7¥É£�¤A¯x¶·¶¡©7°A¯>¶k¶¡©«Ì(¥§´³¨¡¸¼½h©
°A¨·²³¬>´³¯x¸¼©t²³¤�¤AªÃ¬�¥¿½�¾%©�ÙDªA¨¡¸¹©Ãó ®nmNI È"äW¨¡²¹¬x´¹¯x¸¹¯±î�©§Ì(¥§´¹¨»¸¼½ ïk´¹©«ÍA¶¡¯>½èôd�
º���½�o8Å¯Æ]Å�ËRÅ¯ÂRQ=ÀÎÃqp�Ë�Ç�Á�ÇRÃ�Ë¿Ç�ÀÐÂ�Á5Ç�Ã�ÄÊÉ=Å�Ï=Ì^Á�ÄÊÉ^ÀÎÁfU$Å�Á�rFsFt�uLÒ=ÀÐÇ:QïÅ�Æ ÍS� v�¾Dw�Ñ�Á�ÆÊÁ�Ì�ÇRÀ¼Ë�Ä�ÅAÍ¼ÁNË¿Ç�Å�Ë�ËRÁ�Ë�À¼Ä�Ï=Æ�Å��H��ÁNÓ=ÀïÏ=ÌïÁÄÊÉ=À¼ÁfUaÅ;Á�xzy{xßÒ=À Ç�Ä¯ÃaÌHÏ=ÌiÄ�Æ�ÀÐÇ�ÇRÃ�Ë�À¼Ë�ÇRÅ¯Â�Á9Ò^Á$ËRÁ�ÇRÃ9Ë�Ï^ÍÐÍÎÅ Ä�Ï^Æ|U$Å�Å�ÍÐÍÎÀÐÇ�ÇRÀ¼ÄÊÉ=ÅF}�Å~N�Ï=Å%Ë¿Ç�Ã)pYQ^À���U5Á�Ì�ÇÊÁ�ÑaÑ$ÀÐÃ�Ë�Ã Ì=ÃaÌiËRÃaÍÎÃQ(Å¯Æ]ÍÎÁ�Â;ÀÐÌ=Ã$ÆRÅ�Â�Å�Â;ÃaÆ�ÀÎÁ�ÆRÀ¼ÄÊÉ=ÀÎÅ�Ë�Ç�Áz}$Â�Á�Á�ÌïÄÊÉ=Å�Q(Å¯Æ]ÀÐÍ Â;ÀÎÌ=ÃaÆ�ÇRÅ¯ÂRQ(Ã+Ì^Å�Ä�Å%ËRË�Á�Æ�ÀÎÃ�QïÅ�Æ]Í¼Á�Ä¯ÆRÅ%Á���ÀÐÃ$Ì=Å)Ó�Å¯ÍÎÍ¼Á�ÄÊÉ=À¼ÁfUaÅ T Ë�ÀU$Å�Ó=Á`�wÁ$Ë�É^ÀÐÌ=ÑaÇRÃ$Ì��Py{�{�3Q^Á�Ñ Ô yf��t WYÔ



ü>�9�kù��������%4��ó�ß�N���*ùdü>�9 :ùa��úFùyüL��ù������65����87�ùdüL¢ ý �§º
I �������+���ö�
Ë$¨Ñ¥¿ªA© °D¥¿¸¹¨=¤AªD¥.¬>¤A´eµ¿¥.¯x¶·¶¡¨¡¸¹¸¹¨·¬>¥

E
²¹¤

Fq

¯7¤Aª ¾L¤Aª(¸¼©
B ∈ E

E;ãT¶O.ÎS�d"X���Vgeaù4U�¦�eaV+VgX%bøU(daOQP�ùÞX¦(Og_�had"eaP�X`²¹¤
E
¨·ªoÍD¥§²³¯

B
��ó â Z ®nmNI ÈL¢k¶·¶·¨¡¾L¸¼¨¡¬nÎÐ¤A´eµ«¯4äW¨·²³¬>´³¯x¸¼¯4î*©«Ì(¥§´³¨¡¸¹½iïk´¹©§ÍA¶·¯x½Éô+*¿ø

°D¥¿¸¼©
P ∈ E

¸¼´¹©
µ¿¥§´³¯§ÈD²¹¯y¯x²¹¨·²e¸¼¯¿È
x ∈ Z

¸¼¥§¶·¯W¬®­A¯
xB = P.

í4�:�>���
�A�L���+�%���
Ë$¤A¨�¬�¥¿½�¾A¨�ÙAªA¨¡¸¹¨uÈD¯>²³¨·²e¸¼¯±¤Aª�¥§¶¡Ì«©«´³¨¡¸¼½h©oó�°A¯x¸³¸¼©�.QOQM�¦�eHG h%U(VghaT�VfTø_�2uô=¬®­A¯¿È%¸¹´¼¥§½h¨¡¸¹¯n©«¾A¾%©«´³¸¹¤AªA¯±¾A´¹¯æÏ
¬>©«½h¾A¤L¸¼¥§¦>¨¡©«ªA¨�È
¾�¯x´¹½h¯x¸¹¸¹¯Ð°A¨�¬>¥§¶·¬x©«¶Ñ¥§´³¯N¨·¶(¶·©§Ì(¥§´¹¨»¸¼½h©�°A¨·²³¬>´³¯x¸¼© ¬>©«ªv¬>©«½h¾A¶·¯x²¹²³¨¡¸5!�²¹¤LÍ�¯x²¹¾%©«ªA¯>ªL¦>¨Ñ¥¿¶·¯§�- ¤A¯>²e¸¼©Ö*n¾�©§²¹²¹¨¡ÍA¨·¶¡¯ ¾%¯>´³¬®­8*y²¹¤A¨*¬>¥§½h¾A¨�ÙDªL¨¡¸¼¨�¯>²³¨·²³¸¹©«ªA©�°A¤L¯±©§¾�¯x´¼¥§¦x¨·©«ªA¨�ø�²³©«½�½�¥v¯n¾A´³©$°L©§¸¹¸¹©A�pìW¶
¬>©«ª(¸¹´¼¥§´³¨·©AÈ$²¹¤A¶¡¶·¯3¬x¤A´³µ§¯±¯x¶·¶¡¨¡¸¹¸¹¨·¬®­A¯¿È$¬®­L¯±­A¥§ªAªA©t²¹©§¶Ñ¥§½h¯>ª(¸¼¯W¶Ñ¥`²³¸¹´¹¤L¸³¸¼¤A´¹¥t¥§°A°A¨»¸¼¨¡µ¿¥LÈ
£�¤A¯>²e¸¼©t¸¼¨¡¾�©�°A¨
¬�¥§¶¡¬>©«¶¡©W¨¡ªA°A¨·¬x¨·¦x¦�¥¿¸¹©WªA©«ªÖ*=¾%©«²³²¹¨·ÍL¨·¶·¯¿È§¬x©«ªA²¹¯xÌ«¤A¯xª�¸¹¯>½h¯>ª(¸¼¯F¶·¯2©«¾%¯>´¼¥¿¦>¨·©§ªA¨L´³¨·²¹¤L¶¡¸®¥¿ªA©W¾A¨1¨�¶Ñ¥§Í%©«´³¨·©«²³¯§�
ÎÐ©«ªA¬x¶·¤A°A¯xªA°A©AÈ*¶·¥É²¹¨¡¬>¤A´³¯>¦>¦>¥Ã°L¯>¨k¬>´³¨¡¸³¸¼©«²³¨·²³¸¹¯>½h¨�ÍD¥¿²¼¥¿¸¹¨p²¹¤A¶¡¶·¯`¬x¤A´³µ§¯�¯x¶·¶¡¨¡¸¹¸¹¨·¬®­A¯±²¹¨kÍA¥§²¼¥7²¹¤L¶·¶Ñ¥ÉªL©«ª
¯>²³¨·²³¸¹¯>ªA¦>¥LÈ�ÙDªA©«´¹¥LÈ�°A¨ ¥§¶·Ì«©§´¹¨¡¸¹½�¨Ð¯xåh¬>¨¡¯>ª(¸¼¨ ¾�¯x´É´¹¨¡²¹©«¶»µ«¯>´³¯8¨¡¶F¾L´¹©«ÍA¶¡¯>½�¥)°A¯x¶·¶�ÿÇ¢6Î=ä3î�ï�È2ªA¯>¶ ¬�¥§²³©
Ì«¯>ªL¯>´¼¥¿¶·¯§�

¢N²³¨·²e¸¼©«ªA©�¸¼¤L¸³¸®¥�µ
¨Ñ¥8¥¿¶·¬>¤LªA¨k¸¼¨·¾L¨6°L¨2¬x¤A´³µ§¯É¯>¶¡¶·¨¡¸³¸¼¨¡¬®­A¯t²¹¤A¶¡¶·¯h£
¤A¥§¶·¨N¨·¶N¾A´³©«ÍA¶¡¯>½�¥Ã°A¯x¶Ð¶¡©«Ì(¥§´³¨¡¸¼½h©
°A¨·²³¬>´³¯x¸¼©Ö*y¾A¨1¨`#+¥¿¬>¨·¶¡½�¯xª(¸¼¯3´³¨·²¹©§¶·¤AÍA¨¡¶·¯¿�
Û��Ê�;��� �öS
S$[NU:ULVWRh[6PtPQgNjN[NJLRbSA\ g�²WRQX$U%JAM:S$g X$H PQPeMOU�H J$KNMOM*PePQRbS�S$ReULVWM
Ý�ª·��ª¡��ª+� _O�
�â���(�����+í��$�'�ö�D�
�)���±�D���d�
�%�â�
Ú ¯x¶D 
Å«Å«ÆLÈ¿×�¯xªA¯>¦x¯>²xÈ
ênñ�¥§½h©§¸¹©�¯6ò6¥§ªL²³¸¼©§ªA¯ ó+²¹¨(µ§¯>°D¥W×�¯>ªA¯x¦>¯x²eÏeê3ñ�¥§½h©§¸¼©�Ïbò6¥§ªA²e¸¼©«ªL¯§È�è» « $é�ô�­D¥§ªLªA©
¯>¶·¥§Í�©§´¼¥¿¸¹©=¤Aªy½�¯d¸¼©
°A©�¾%¯>´�¸¼´¹¥§²�#�©§´¹½�¥§´¹¯�¨·¶«¾A´³©«ÍA¶¡¯>½�¥Ð²¹¤

E(Fq)
¨·ªn¤Lª4¾A´³©«ÍA¶¡¯>½�¥Ð²¹¤

F∗
qk

��
â¤L¸¹¸¼¥�µ$¨·¥
£�¤A¯>²e¸®¥è´³¨·°A¤A¦x¨·©«ªL¯±´³¨·²³¤A¶¡¸¼¥tµ¿¥§ª(¸®¥¿Ì«Ì«¨·©§²¼¥t¯4¾%¯>´³½�¯d¸¹¸¼¯±°A¨â¾D¥§²³²¼¥§´³¯`¥§°�¤Aª�¸¹¯>½h¾�©�²¹¤AÍ%¯>²³¾�©«ªL¯>ªA¦x¨Ñ¥§¶¡¯
²¹©«¶·¥§½h¯>ª(¸¼¯�ªA¯>¶=¬>¥§²¹© ¨¡ª�¬>¤L¨

k
²¹¨·¥8¾A¨¡¬>¬>©§¶·©AÈp¯è£
¤L¯>²³¸¹©)²³¨2µ§¯>´¹¨»ÙD¬�¥�¯x²¹²³¯>ªA¦x¨Ñ¥§¶¡½�¯xª�¸¹¯7¾�¯x´`¶·¯è¬>¤A´eµ«¯

¯>¶¡¶·¨¡¸³¸¼¨¡¬®­A¯�²¹¤A¾%¯>´³²¹¨¡ªAÌ«©«¶·¥§´¹¨�ó+¬x¨·©�*W£�¤A¯x¶·¶·¯F¬>¤L´³µ«¯
E
²¹¤

Fq

¸¼¥§¶·¨"¬®­A¯ �
E(Fq) ≡ 1

ó�½�©
°
p
ô¹ôæ�pãTª/#+¥¿¸³¸¼¨�È

¾�¯x´ £�¤A¯x²³¸¹¯�²¹¨â­D¥LÈ:Ì§¯>ªA¯x´¼¥§¶¡½�¯xª�¸¹¯§È
k = 2
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¯
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óQS�d"X���Vgeaù4UH¦(O¬>jO @³e�
MA¹eaVQVfù4U(M\S'ead�VgejhaT�da�(ejeaVQVfOQP�P�O�h+*'e�ô

²¹¨·¥ ¯>£�¤A¨»µ¿¥§¶·¯xª�¸¹¯�¥§¶
¾A´¹©§ÍA¶·¯x½è¥F°A¯>¶$¶·©«Ì(¥¿´¹¨¡¸¹½�©�°A¨¡²¹¬x´¹¯x¸¹©3¬>©§ª�¶·¯Ð¬x¤A´³µ§¯�¯>¶¡¶·¨¡¸³¸¼¨¡¬®­A¯§È�²¹¤A¶¡¶Ñ¥F¬>¤A¨$°A¨¡åh¬>©§¶¡¸5!
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º�­�½�o8Å¯Æ�Å%Ë�Å�ÂRQ=ÀÐÃ�}:QïÃaÇRÆ�Å¯Ò=Ò(Å¯Æ�ÃiÅ�Ë�Ë�Å�Æ�ËRÀ)ÁaÄ�Ä�Ã$Æ�Ó=Á�ÇRÀ®Q(Å¯Æ¯Q=ÆRÅ�Ì^Ó�Å�ÆRÅjÍÎÅjÏ=ÍÐÇRÀÎÂ�ÅO����uwÄ¯À � Æ�Å6Ó�Å�ÍÐÍS� Á$ËRÄ¯ÀÎË�Ë�ÁwÓ=Å¯Í�Q^Ï=Ì�ÇRÃ�}ÃFQzQ=Ï=Æ�Å¥Q(Å¯Æ�Á�QzQ=ÍÎÀ¼Ä¯Á�Æ�Å>Ï=Ì^Á�Ä�Å�Æ�ÇÊÁq� Ï^Ìz�¯ÀÎÃaÌ=ÅzÉïÁaËRÉßËRÏßÇ�Á�ÍÎÅzÁaË�Ä�À¼ËRË�Á Ô
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Ì«´¼¥¿ªA°A¯
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È:¬>©«½h¾A´¹¯x²¹©7¸¼´¹¥

1
¯

N
È�¸®¥§¶¡¯

¬®­A¯y½�¬x°
(e, N) = 1

¯y¬>¥§¶·¬x©«¶Ñ¥LÈ
¤L¸¹¨·¶·¨¡¦>¦>¥§ªA°A©�¶�ÿÇ¥§¶¡Ì«©«´³¨¡¸¼½h©±¯>¤A¬x¶·¨·°L¯>©AÈ
d ≡ e−1(

½�©
°
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�

ã�½�¯x²¹²¼¥¿Ì«Ì«¨�µ«¯>ªLÌ«©«ªA©7©«¾L¾�©«´e¸¼¤AªA¥§½�¯xª(¸¼¯v¬x©«ª(µ«¯x´³¸¼¨»¸¼¨�¨·ª�¾A¤Lª�¸¹¨p¥§¾L¾D¥§´³¸¹¯>ªA¯xª(¸¼¨p¥¿¶·¶Ñ¥t¬>¤L´³µ¿¥è¯>¶¡¶·¨»¸³Ï
¸¼¨¡¬�¥LÈ$¨·ªo½�©
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Ë$¯`ìW¶¡¨·¬x¯4µ
¤A©«¶¡¯v¸¼´¹¥§²¹½h¯x¸³¸¼¯>´³¯�¥ ô ©«Í ¨¡¶�½h¯>²³²¼¥§Ì§Ì«¨·©
M ∈ E

È:¨�°A¤A¯t¥¿Ì«¨·²³¬>©«ªA©èªA¯>¶¡¶Ñ¥�²³¯>Ì«¤L¯>ª(¸¼¯
½è¥¿ªA¨·¯x´¼¥Lø
 «��ì ¶·¨·¬x¯n¨·ª(µ
¨Ñ¥

eAM
¥ ô ©«Í:�

�$� ô ©§Í�È�¬®­L¯vªA©«ª�¬>©«ªL©«²¹¬x¯vª8?
eA

ª/?
dA

È�ªA©§ª�¸¼¯xª(¸®¥�ªL¯>½h½�¯xªA©�°L¨�°A¯x¬>¨c#�´¼¥§´³¯±¨¡¶�½�¯x²¹²¼¥¿Ì«Ì«¨·©LÈD¯
´³¨·²¹¾%¯>°L¨·²¹¬x¯±¥§°�ì ¶·¨¡¬>¯3¶·¥`£
¤A¥§ª(¸¼¨¡¸"!

eBeAM
�

ÆL��ì ¶·¨·¬x¯§È�¥o£�¤A¯>²e¸¼©8¾L¤Aª(¸¼©AÈ�¾A¤87Ã¯>¶¡¨·½h¨·ªD¥¿´¹¯
eA

È�¬�¥§¶¡¬>©«¶·¥§ªA°A©
dA(eBeAM) = eBM

¯t¨·ª(µ
¨Ñ¥7¨·¶
´³¨·²¹¤L¶¡¸®¥�¸¼©`¸¼´³©
µ§¥�¸¼©h¥ ô ©«Í��

ÒA� ô ©§Í *y©«´¹¥t¨¡ªoÌ«´¼¥§°L©�°A¨*¶·¯xÌ«Ì«¯>´³¯n¨·¶�½h¯>²³²¼¥§Ì§Ì«¨·©AÈ$¬�¥§¶¡¬>©«¶·¥§ªA°A©
dB(eBM) = M

�
2 ª)¯xµ«¯xª(¸¼¤D¥§¶¡¯è¨¡ª�¸¹´¹¤A²³©8¬®­A¯�¨·ª(¸¼¯x´¹¬x¯x¸¹¸¼¥§²¹²³¯É¨N½�¯x²¹²¹¥§Ì«Ì«¨N¨·ªI½�¥§ªA¨·¯x´¼¥7¾D¥§²³²¹¨»µ§¥$È�¾%©§¸¼´³¯>ÍAÍ%¯�²³©«¶·©oµ«¯æÏ
ªA¨·´³¯è¥�¬>©«ªA©§²¹¬>¯xªA¦�¥�°L¨

eAM
È
eBeAM

¯x°
eBM

�.Ë$¯4#�©«²¹²³¯É¨·ª)Ì«´¼¥§°L©�°A¨6´¹¨·²³©«¶¡µ§¯>´³¯è¨·¶N¶¡©«Ì(¥§´³¨¡¸¼½h©
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M
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¤L¯>²³¸¹©`*
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²³¸¼¥¿¸¼©7¾A´³©
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M
È*¯>²¹²³¯>ªA°L©�ªA©¿¸¼¨

eAM
È
eBeAM

¯x°
eBM

È
²¹¨·¥`ªA¯>¬x¯>²¹²¹¥§´¹¨¡©è²¹¥§¾�¯x´�´¹¨¡²¹©«¶»µ«¯>´³¯y¨·¶:¶¡©«Ì(¥§´³¨¡¸¹½�©4°A¨·²³¬>´¹¯d¸¼©AÈD½�¥`²¹¨�¬x©«ªAÌ«¯d¸¹¸¼¤L´¼¥�¬®­A¯±¬>¨g7t²³¨Ñ¥vµ«¯x´¹©A�2 ªo¥§¶»¸¼´¹©4¾A´¹©§ÍA¶·¯x½è¥¹*3£�¤A¯>¶¡¶·©`°A¨:¥§¬>¬x¯>´e¸®¥§´³¯3¶uÿõ¨·°A¯xª(¸¼¨¡¸"!4°A¨ ô ©«Í.ó�²¹¨%µ«¯>°A¥§ªA©t¨:¾D¥¿´¼¥§Ì«´¹¥¿ÙoÆL�» «�ÓÆL�» 
¯yÆL�» «�ÇÆ$�Â�«ôæÈA½�¥t¶¡©�²¹¨*¾A¤/7�´³¨·²¹©§¶¡µ«¯x´¹¯n¬x©«ª�¤Lª8¥§¶¡Ì«©«´³¨¡¸¼½h©v°L¨:ÙD´¹½�¥�°A¨·Ì§¨¡¸®¥¿¶·¯§�
Ý�ª·��ª �)ª¡� Þ7���D�+�"à"���â� â �
±7�8�ö�D�
ò3¨¡¯>ªA¯hÙD²¹²¹¥¿¸®¥�¤AªA¥8¬>¤A´eµ¿¥�¯>¶·¶¡¨¡¸³¸¼¨·¬>¥

E
²¹¤{¤Aªö¬�¥§½h¾�©

Fq

Èp¯>°{¤LªD¥�ÍD¥§²³¯
B ∈ E

�Iê3Ì«ªA¨6¤L¸¼¯xª(¸¼¯
²¹¬x¯>Ì«¶¡¨·¯n¤Aªo¨·ª(¸¹¯>´¹©t¬>¥§²¹¤D¥¿¶·¯

a
ÈD¬®­A¯y²¼¥§´%!h¶·¥`²¹¤D¥t¬®­A¨·¥
µ§¯4²³¯>Ì«´³¯x¸¼¥LÈD¯y¾A¤AÍAÍA¶¡¨·¬>¥

aB
�

Ë$¯=ìW¶¡¨·¬x¯6µ
¤A©«¶¡¯Ð²³¾�¯x°A¨·´³¯�¥ ô ©«Ív¨·¶�½�¯x²¹²¹¥§Ì«Ì«¨¡©
M ∈ E

È«¯x²¹²³¨A¥§Ì«¨¡²¹¬x©«ªA©3ªA¯x¶·¶·¥ ²¹¯xÌ«¤A¯xª�¸¹¯�½è¥¿ªA¨·¯x´¼¥Lø
 «��ì ¶·¨·¬x¯y²¹¬>¯xÌ«¶·¨¡¯4¤Lª8¨·ª(¸¹¯>´¹©h¬�¥¿²¹¤D¥§¶¡¯

k
¯>°8¨·ª(µ
¨Ñ¥t¥ ô ©§Í8¶Ñ¥t¬>©§¾A¾A¨Ñ¥

(kB, M + k(aBB))
È%°A©
µ«¯

(aBB)
*y¶·¥`¬®­A¨Ñ¥�µ«¯±¾A¤AÍLÍA¶·¨¡¬�¥`°A¨ ô ©§Í�.

�$� ô ©§Í�¾A¤/7�´³¨·²¼¥¿¶·¨·´³¯3¥§¶:½�¯x²¹²¼¥¿Ì«Ì«¨·©�©§´¹¨·Ì§¨·ªD¥§´³¨·©4¬�¥§¶¡¬>©«¶·¥§ªA°A©Aø
M = M + k(aBB)− aB(kB),¤L¸¹¨·¶¡¨·¦>¦>¥§ªA°A©�¶·¥`¾A´¹©§¾A´¹¨·¥t¬®­L¨Ñ¥�µ«¯y²¹¯xÌ«´¹¯d¸®¥

aB

�
¢R²�¯xµ
¨·°A¯xª(¸¼¯F¬®­A¯ ¤Lª�¨¡ª�¸¹´¹¤A²³©4¬®­L¯ ²¹¥§¾�¯x²¹²³¯ ´³¨·²¹©§¶¡µ«¯x´¹¯�¨·¶L¾A´¹©«ÍL¶·¯>½�¥3°A¯x¶D¶·©«Ì(¥¿´¹¨¡¸¹½�©W°A¨·²³¬>´¹¯d¸¼©y¯>¶¡¶·¨»¸¹¸¼¨¡¬>©
¾�©¿¸¼´¹¯xÍAÍ%¯Ã´³¨·¬>¥
µ¿¥§´³¯

aB

¯Ã°D¥.£�¤A¯>²e¸¼©�´³¨·²¼¥¿¶·¨·´³¯7¥§¶�½h¯>²³²¼¥§Ì«Ì§¨·©A�CãTªq¬>¥§²¹©)¬>©«ª(¸¼´¹¥§´¹¨¡©AÈ6ªA©«ªð¥¿¾A¾D¥§´³¯
¾�©§²¹²¹¨¡ÍA¨·¶¡¯W°A¯d¸¼¯x´¹½h¨·ªD¥§´³¯

aB

�
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P ∈ E
¬®­L¯4¥¿ÍAÍA¨Ñ¥`©§´¹°A¨¡ªA¯n¾A´¹¨¡½�©

p
�

Fq

È
q
È

p
È
P
²¹©«ªA©h¾A¤AÍLÍA¶·¨¡¬>¨u�
ï�¯>´âÌ«¯xªA¯>´¹¥§´¹¯2¶·¯N¾A´¹©§¾A´¹¨¡¯6¬®­L¨Ñ¥�µ
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 «��²³¬>¯>Ì§¶·¨·¯n¤Lª�¨¡ª�¸¹¯>´³©h¬>¥§²¹¤A¥§¶·¯

d ∈ [1, p− 1]
.

�$��¬>¥§¶·¬x©«¶Ñ¥
Q = dP

.
ÆL��¶·¥t²³¤D¥t¬®­A¨Ñ¥�µ«¯y¾A´³¨¡µ¿¥¿¸¼¥Ö*

d
ÈD£�¤A¯x¶·¶·¥`¾A¤AÍAÍA¶¡¨·¬>¥Ö*

Q
�

äW©«¾%©t¥�µ«¯>´�Ì§¯>ªA¯x´¼¥¿¸¹©h¶¡¯3¾A´³©«¾A´¹¨¡¯W¬®­A¨·¥�µ$¨�ÈA¶uÿõ¤L¸¹¯>ª(¸¼¯3ìO¾L¤87�ÙD´¹½�¥§´¹¯ ¨·¶�½�¯x²¹²¼¥¿Ì«Ì«¨·©
M
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°A©Aø
 «��²³¬>¯>Ì§¶·¨·¯n¤Lª�¨¡ª�¸¹¯>´³©h¬>¥§²¹¤A¥§¶·¯

k ∈ [1, p− 1]
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�$��¬>¥§¶·¬x©«¶Ñ¥
kP = (x1, y1)

¯
r ← x1

ó�½�©
°
p
ô ¶µ´Y¸ ó x1

µ
¨¡¯>ªA¯k¸¼´¹¥¿¸¹¸¼¥¿¸¼©�¬x©«½�¯k¤Lªv¨·ª(¸¹¯>´¹©�¬x©«½�¾L´¹¯>²³©
¸¹´¼¥

1
¯

q − 1
ôd�2Ë$¯

r = 0
²¹¨�´³¨¡¸¼©§´¹ªD¥�¥§¶*¾A¥§²¹²³©� «�Wó+²³¯

r
#�©«²¹²³¯

0
ÈDìYªA©«ªÃ°A¨·½h©«²³¸¹´¹¯x´¹¯>ÍLÍ�¯y°A¨

¬x©«ªA©«²³¬>¯>´³¯
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ÈD£�¤A¨¡ªA°A¨�ªL©«ª�¾L´¹©
µ«¯x´¹¯>ÍLÍ�¯4¶Ñ¥`¾A´³©«¾A´¹¨·¥`¨·°A¯xª(¸¼¨¡¸"!(ôa.

ÆL��¬>¥§¶·¬x©«¶Ñ¥
k−1 ó+½h©$° p

ô�.
ÒA��¬>¥§¶·¬x©«¶Ñ¥

s← k−1(h(M) + dr)
ó+½h©$°

p
ô�È$°L©�µ§¯
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*3¶Ñ¥6#�¤AªA¦>¨¡©«ªA¯ ­D¥§²¹­ ó�¥§°É¯x²¹¯x½�¾A¨¡©AÈ$µ
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¤A²¹¥¿¸¼©y¨¡¶AË$¯x¬>¤A´³¯FçW¥§²³­hì ¶·Ì«©§´¹¨¡¸¹­A½èôd�âË$¯
s = 0

²¹¨L¸¹©«´¹ªA¥n¥§¶L¾D¥¿²¹²¹©t «�=ó+¾%¯>´³¬®­8?§È�¾%¯>´�µ§¯>´³¨¡ÙD¬>¥§´¹¯
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m
*y¶·¥`¬>©«¾A¾L¨Ñ¥

(r, s)
�

2 ªÃ¥§¶»¸¼´¹©�¤$¸¼¯>ª(¸¹¯§È ô ÈD¾A¤87�µ§¯>´¹¨»ÙD¬�¥¿´¹¯±¶Ñ¥vÙD´³½è¥�°A¨�ìY²eµ«©«¶¡Ì«¯>ªA°L©�¨�²³¯>Ì«¤L¯>ª(¸¼¨â¾D¥§²³²¹¨uø
 «� ô ²¹¨*¾A´³©$¬x¤A´¼¥

Q
ÈD©«²³²¹¨Ñ¥�¤AªA¥h¬x©«¾A¨Ñ¥t¥§¤$¸¼¯>ª(¸¹¨·¬�¥�¸®¥�°A¯>¶¡¶Ñ¥`¬®­A¨·¥�µ«¯y¾A¤AÍAÍL¶·¨·¬>¥�°A¨�ìv�

�$�=òN¯x´¹¨¡ÙA¬�¥t¬®­A¯
r, s ∈ [1, p− 1]

�
ÆL�FÎ=¥§¶¡¬>©«¶·¥

w ← s−1 ó�½�©
° p
ô3�

ÒA�FÎ=¥§¶¡¬>©«¶·¥
u1 ← h(M)w

ó+½h©$°
p
ô�¯

u2 ← rw
ó+½h©$°

p
ô3�

º$�FÎ=¥§¶¡¬>©«¶·¥
R = u1P + u2Q = (x0, y0)

¯
v ← x0

ó+½h©
°
p
ôd�

ÁL��ì�¬x¬>¯x¸³¸®¥h¶Ñ¥vÙD´³½è¥�²¹¯y¯y²¹©§¶·©t²¹¯
v = r

�
º�¶�½1·`� Ã$Æ�ÁßÀÎÌkQ(ÃaÀS}�ÀÎÌ�N�Ï=Å�Ë�ÇRÃ�Q^ÁaÆ�ÁaÑaÆÊÁ+� Ã�} Ë�Ä�Æ�ÀPUaÅ¯ÌïÓ�Ã

x ← a T Â;Ã:Ó p W ÀÐÌ�ÇRÅ�Ì^Ó�Å�ÆRÅ�Â�ÃjÄÊÉ=Å�ÁaÍÐÍ¼Á)U5Á�Æ�ÀÎÁaÒ=ÀÐÍÎÅ x ∈ ZpÁ$ËRËRÅ¯Ñ$Ì=ÀÎÁaÂ;Ã�ÀÎÍ�U5Á�ÍÎÃaÆ�Å
a T Â;Ã�Ó p W }=ÀÎÌ�ÇRÅ�Ì^Ó�Å¯ÌïÓ�Ã�Ä�Ã$Ì8N�Ï=Å%Ë¿Ç�Ã;ÀÐÍ°¸`¹ºX�¹º¸RZ�»|¼<½
¹¿¾�À�Z	Á�Zf½J¹ºÂS¹ºÃfZ Ó�À a Â�Ã�Ó�Ï^ÍÐÃ p

}^Ã+U�U$Å¯Æ�ÃÍS� Ï^Ì=ÀÎÄ¯Ã;ÀÐÌ�ÇRÅ�ÆRÃ
b ∈ {1, ..., p− 1}

Ç�ÁaÍÐÅzÄÊÉ=Å
b ≡ a T Â;Ã:Ó p WYÔ



ü>�9�kù��������%4��ó�ß�N���*ùdü>�9 :ùa��úFùyüL��ù������65����87�ùdüL¢ ý Æ§Ê
I ���"ßk���������+�%���8Ý�ª¡�
îkÿÇ¥§¶¡Ì«©«´³¨¡¸¼½h©4¢2Î=ä3Ë$ì�#�¤AªL¦>¨·©§ªD¥`¬>©«´³´¹¯d¸¹¸®¥¿½�¯xª�¸¹¯§�
® �R�ö���x�����L���+�%���
ï�¯x´3¾A´¹¨¡½è¥h¬>©«²¹¥LÈ:½h©«²e¸¼´¹¨·¥§½h©�¬®­A¯�²³¯`¶Ñ¥hÙD´¹½�¥÷*`¬x©«´¹´³¯x¸³¸®¥7¥§¶¡¶·©«´¹¥

v = r
�3ãTª/#+¥¿¸³¸¼¨

u1P + u2Q =
h(m)wP + rwdP = [(h(m) + rd)w]P = kP

°D¥�¬>¤A¨*²³¯>Ì«¤L¯4¬®­A¯
x0 = x1

¯y£
¤L¨·ªA°A¨
v = r.ãTªA©«¶¡¸¹´¹¯¿È(°A¨·½h©«²³¸¹´¹¨·¥§½�©W¬®­A¯ ²³¯

v = r
¥§¶¡¶·©«´¹¥W¶Ñ¥3ÙD´³½è¥j*�²³¸¼¥¿¸®¥y¾A´³©$°A©¿¸¹¸®¥n¬x©«´¹´³¯x¸¹¸¼¥§½h¯>ª(¸¼¯¿È$¨¡¶A¬®­A¯*n¾�©§²¹²¹¨¡ÍA¨·¶¡¯3²¹©§¶·©t¾�¯x´�ì ó+ªA¯x²¹²¹¤Lª�¥§¶»¸¼´¹©�¬x©«ªA©«²³¬>¯±¶Ñ¥�¬®­A¨·¥
µ§¯y²¹¯>Ì§´¹¯x¸¼¥

d
ôæ�

Ë$¤A¾A¾%©«ªA¯xªA°A©
v = r

²¹¨2©§¸¹¸¹¨·¯>ªL¯
x0 ≡ x1

ó�½�©
°
p
ô±°A¥�¬>¤A¨

y0 ≡ ±y1
ó+½h©$°

p
ô�ó�¥¿åhªA¬®­/?7¨

¾A¤Aª(¸¼¨
R
¯

kP
¥¿¾A¾D¥§´e¸¼¯>ªLÌ(¥§ªA©�¥§¶·¶·¥v¬>¤L´³µ¿¥

E
ó+½h©$°

p
ô�ôæ�

Ë$¯
y0 ≡ y1

ó+½h©
°
p
ôæÈA¥§¶·¶¡©«´¼¥

R ≡ kP
ó+½h©$°

p
ôdÈDä3¥�¬x¨g7`²³¯>Ì«¤A¯

u1 + u2d ≡ k
ó+½h©$°

p
ôÐ©«²¹²³¨Ñ¥

h(m)w + rwd ≡ k
ó+½h©$°

p
ôd� - ¤A¨¡ªA°A¨N¥§ÍAÍL¨Ñ¥§½h©

k ≡ (h(m) + rd)s−1 ó�½�©
° p
ôn°D¥�¬x¤A¨N²¹¯xÌ«¤A¯

s ≡ k−1(h(m) + rd)
ó�½�©
°

p
ôæ�ÐË
¨�ªA©§¸¹¨*¬®­A¯4£�¤A¯x²³¸¹©�¾%©§¸¼¯dµ¿¥h¬>¥§¶·¬x©«¶Ñ¥§´³¶·©4²¹©«¶¡©hì4�

Ë$¯
y0 ≡ −y1

ó+½h©$°
p
ô®È�¥§¶¡¶·©«´¹¥

R ≡ −kP
�>� ¥¿Ì«¨·©«ªA¥§ªA°A©3¬x©«½h¯=¥§¶$¾A¤Aª(¸¼©y¾A´³¯>¬>¯x°A¯>ª(¸¹¯F²³¨A©§¸³¸¼¨·¯æÏ

ªA¯ −s ≡ k−1(h(m)+rd)
ó�½�©
°

p
ô*¯§È�©�µ�µ
¨Ñ¥¿½�¯xª�¸¹¯§È¿²¼¥§¾%¯>´â¬�¥§¶¡¬>©«¶·¥§´¹¯

s
© −s
*N¯>£�¤A¨»µ¿¥§¶·¯xª�¸¹¯3ó�£�¤A¨·ª$Ï

°A¨D¶·©y¾%©§¸¼¯dµ¿¥6#+¥§´³¯�²¹©«¶¡©±ì3ôd�
�



� ��� ��������� Ä

Å � �E���������B� � �C��� � � ��� � ��� �B� �3C � �D�A�*���E�Ã�*�GF �

Æ`l$m Ç	��þ {;�)u4|3u
(p− 1)

|3tÉÈ³u\�a�$r6�>|
î�¥`#+¥¿¸³¸¼©«´³¨·¦x¦�¥§¦x¨·©«ªA¯�¬x©«ªö¶¡¯t¬>¤A´eµ«¯è¯x¶·¶¡¨¡¸¹¸¹¨·¬®­A¯w*�²e¸®¥¿¸¼¥�¾A´³©«¾�©§²³¸®¥o°D¥�î�¯xªA²³¸¹´¼¥öó+¨·ª)î*¯>ªA²e¸¼´¹¥LÈ�è  
ÊïéÑôd�
ì=¸¹¸¹¤D¥§¶·½h¯>ª(¸¹¯§ÈW¨¡¶n½�¯d¸¼©
°A©;°A¨yî*¯>ªA²e¸¼´¹¥ ¾%¯>´¹½h¯x¸³¸¼¯I¥§¶n¾A¨10À°L¨9#+¥¿¸¹¸¹©«´¹¨¡¦>¦�¥¿´¹¯ ª�¤A½h¯>´¹¨n°L¨4Á§ÊC¬x¨1#�´¹¯
°A¯>¬x¨·½�¥§¶·¨�È§©«¾L¾A¤A´¹¯¿È�²¹¤èª�¤A½h¯>´³¨D¾A¨g0tÌ«´¹¥§ªA°A¨�È(°A¨A¸¼´³©
µ§¥¿´¹¯�#+¥¿¸¹¸¹©«´¹¨L°A¨D¬>¨¡´¹¬�¥±�§Ê�ÏQÆ«Ên¬>¨c#�´¹¯�°A¯x¬>¨¡½è¥§¶¡¨*ó�¬$#�´>�&�¥¿²¹­A¨¡ªAÌ§¸¼©§ª�ÈLè  �º=é�È�¾D¥¿ÌA�¡ �Ø«Ê(ôd�±Ë
¯>ÍAÍ%¯>ªA¯t¥¿ÍAÍA¨Ñ¥�¬>©«²e¸¼¨¡¸¹¤A¨¡¸¹©è¤Aª ¨¡½�¾%©«´e¸®¥§ª(¸¼¯±¾D¥§²³²¹©oªA¯x¶·¶Ñ¥h´¹¨¡¬>¯>´³¬�¥LÈ
£�¤A¯>²e¸¼©É½h¯x¸¹©$°A©hªA©«ªá*`¥§ÍAÍA¥§²³¸¼¥§ªA¦�¥h¯xåh¬>¨¡¯>ª(¸¼¯v¾�¯x´W½h¨·ªD¥§´³¯n¶Ñ¥h²¹¨·¬x¤A´¹¯x¦>¦>¥è°A¯>Ì§¶·¨â¥§¶·Ì§©«´¹¨»¸¼½h¨:ÍD¥§²¹¥¿¸¼¨
²¹¤A¶¡¶Ñ¥y°A¨¡åh¬x©«¶¡¸"!±°A¯x¶·¶·¥¹#+¥¿¸³¸¼©«´³¨·¦>¦>¥§¦>¨¡©«ªA¯¿È(¨·ªè£�¤D¥¿ª�¸¹©�¾�¯x´Ð£�¤A¯x²³¸¼¨�Ì«¯>ªL¯>´¼¥¿¶·½h¯>ª(¸¼¯ ²¹¨%²¹¬>¯x¶·Ì«©§ªA©`ª�¤A½h¯>´¹¨
¬>©«½h¾%©«²³¸¹¨k°A¯>¶N¸¼¨¡¾�©

n = pq
¬>©§ª #+¥¿¸³¸¼©«´³¨k°A¨6¬>¨·´³¬�¥�Ö«ºÃ¬x¨1#�´³¯h°L¯>¬>¨¡½è¥¿¶·¨p¬x¨Ñ¥§²³¬>¤AªA©LÈ�¬®­A¯�´¹¨·¬®­L¨·¯>°L©«ªA©

¥§¶·Ì§©«´¹¨»¸¼½h¨6¾L¨g0;¯xåh¬>¨¡¯>ª(¸¼¨�È2¬x©«½h¯7¬>©«½h¯ - ¤A¥§°A´¼¥�¸¼¨·¬7Ë$¨·¯dµ«¯Ã©)ÚF¤A½`Í%¯>´h÷�¨¡¯>¶·°CË
¨·¯xµ§¯)ó�¸¼¤$¸¹¸®¥�µ
¨Ñ¥ ¨¡ª
£�¤A¯>²e¸¼¨�¥§¶·Ì«©§´¹¨¡¸¹½�¨�µ
¨·¯xªA¯F¸¼¥§¶¡µ§©«¶¡¸¼¥n¤L¸¼¨¡¶·¨·¦x¦�¥¿¸¹©±¥§ªA¬®­A¯F¨·¶D½h¯x¸¹©$°A©±°A¨%î*¯>ªA²e¸¼´¹¥LÈ$¾%¯>´N¸¼´³©
µ§¥¿´¹¯�#+¥¿¸¹¸¹©«´¹¨D°A¨
½�¯x°A¨Ñ¥t½h¨·²¹¤L´¼¥t°A¨�ª�¤A½h¯>´³¨�¬®­A¯`¬>©§½�¾D¥¿¨·©«ªA©tªA¯x¨�¾A¥§²¹²³¨�¨·ª(¸¹¯>´¹½h¯>°L¨�ôyó+¬a#�´>��&�¥¿²¹­A¨¡ªAÌ§¸¼©§ª�È>è  �º�éuÈ%¾D¥§ÌA�
 
Ø(�«ôæ�
ãT¶*½�¯d¸¼©
°A©�°A¨�î*¯>ªA²e¸¼´¹¥�¥§²³²¹©«½h¨·Ì§¶·¨Ñ¥±½�©§¶¡¸¼©`¥§¶*½�¯d¸¼©
°A©

(p− 1)
°A¨�ï�©§¶·¶Ñ¥¿´¹°7²¹¤L¨*¬�¥§½h¾A¨:ÙDªL¨¡¸¼¨��

ñ ���N�¯� �ðPQj6gkJLRTSL\ g�²WM*Pt\ M:S$g�² g
(p− 1)

²WR j gNPQPe[kJ/²
Ë$¨�²³¤A¾A¾%©«ªA¯±°A¨�¥�µ«¯>´³¯4¤LªÃª�¤A½h¯>´³©�¬x©«½h¾�©«²e¸¼©

n
¯y°A¨�µ«©§¶·¯>´³ªA¯n¸¼´³©�µ¿¥§´³¯n¤Aª`#+¥¿¸¹¸¹©«´¹¯¿�

 «�FË$¨y¾A´³¯>ªA°L¯ö¤AªÀª
¤L½�¯x´¹©
k
¬®­A¯I²¹¨·¥C°L¨¡µ
¨·²³¨·ÍA¨¡¶·¯�¾%¯>´o¸¼¤L¸³¸¼¨hó�© £�¤D¥§²³¨�ô7Ì«¶·¨W¨·ª(¸¼¯x´¹¨n½h¨·ªA©«´³¨3©

¤AÌ§¤D¥§¶·¨W¥§° ¤Aª@¬>¯>´e¸¼©
B ¶c·R¸ ó+¾%¯>´7¯x²¹¯x½�¾A¨¡©AÈF¾�©§¸¹´¹¯x½�½h©�¾A´³¯>ªA°A¯x´¹¯ k = B!

©«¾A¾A¤L´¹¯
k =½h¬>½

(1, 2, ..., B)
ôæ�

�$�FË$¨*²³¬>¯xÌ«¶·¨¡¯n¤Aª�¨¡ª(¸¼¯>´³©
a
¸®¥¿¶·¯3¬®­A¯±½h¬>°

(a, n) = 1
�

ÆL�FË$¨*¬>¥§¶·¬x©«¶Ñ¥
a1 ≡ ak ó+½h©
° n

ôW� ¶Îû�¸
ÒA�FË$¨*¬>¥§¶·¬x©«¶Ñ¥

d =
½h¬>°

(a1 − 1, n)
ó
=
½�¬x°

(ak − 1, n)
½è¥`²³¨*´¹¨·°L¤A¬>©«ªL©h¨*¬>¥§¶·¬x©«¶·¨Ñôd�

º¼»�½ o8Å¯Æ:�^Ì^À�Q=ÆÊÁ5ÇRÀ¼Ä�ÀS}D�HÁaËRÉ=ÀÐÌ^Ñ�ÇRÃ$Ì T ��yf�f��}DQ^Á�Ñ Ô yHÊzy W Ä�ÃaÌïË�ÀÎÑaÍÎÀÎÁ B
Ó�Å�ÍÐÍS� Ã$Æ�Ó=ÀÐÌ=ÅzÓ�À�ÑaÆÊÁ�Ì^Ó�ÅH���%Á�Ó�À

108 Ôº���½1Ë)Ã$Ì`Ò=À¼Ë�Ã$ÑaÌ^ÁiÄ�Á�Í¼Ä�Ã$ÍÎÁaÆRÅ
ak
Å�QïÃ$À�Æ�ÀÎÓ=Ï=ÆRÍÎÃ

(
Â;Ã�Ó

n)
Q(Å¯ÆÊÄÊÉzÌ6N�Ï=Å%Ë¿Ç�Ã�QïÃaÇRÆ�Å¯Ò=Ò(Å\Ä�Á�Ï^Ë�Á�Æ�ÅjÏ=Ì Ã+UaÅ¯Æ|Í^Ã+Î Ó�Å¯ÍÄ¯ÃaÂRQ=Ï�Ç�Å¯Æ ÔÐÏ À¼Ë�Ã$ÑaÌ^Á¹ÀÐÌVUaÅ%Ä�Å9Ä¯ÁaÍÎÄ¯ÃaÍ¼Á�Æ�ÍÐÃ\ÆRÀ¼Ä�Ã$Æ�ËRÀ�U5ÁaÂ�Å�Ì�ÇRÅ�} Ä�ÃaÌ÷ÍÎÁ�� Ã$ÆRÂ+Ï=ÍÎÁ ab! ≡ (a(b−1)!)b T Â;Ã:Ó n W Q(Å¯Æ b =

2, 3, 4, ..., B
}aÃFQzQ=Ï=Æ�Å�ËRÀÑQ=ÏzÒ+Ë�Ä�Æ�ÀPUaÅ¯Æ�Å

B!
ÀÎÌ ÒïÁaËRÅ�Ò=ÀÎÌ^Á�Æ�À¼ÁzÅ��cÁaÆRÅ�Ï=Ì�� Å�Ë|QïÃ$Ì=Å¯Ì��¯À¼Á��¯ÀÎÃaÌ^Å)Â;Ã:Ó=Ï=ÍÎÁaÆRÅ>Ä�Ã$Í(Â;Å¯ÇRÃ�Ó�Ã+Ó=Å¯ÀN�Ï^Á$Ó�Æ�Á�ÇRÀ Æ�À�Q(Å�Ç�Ï�ÇRÀ Ô

ÆL 



ü>�9�kù��������%Ó��Ô7��ß�������Fù¯ A ]�9 :ùa��ú ý/ü���ú ��ýOüj����¡pýrýN�)�*ù����âùdüL¢Wý Æ«�
º$�FË$¯

d
ªA©«ª`*y¤Aª�°L¨¡µ
¨·²³©«´¹¯n¾A´³©«¾A´³¨·©�°A¨

n
²¹¨*²³¬>¯xÌ«¶·¨¡¯n¤Aª�ª�¤A©
µ§©

a
©§¾A¾A¤A´³¯±²³¨*¬�¥§½vÍA¨Ñ¥

k
�

ñ ���N��� ³ H aWf:RQgNaW[6\ M*a2S$g´² M*PeP�Õ�[NPejNgkJARbSL\ g
ÎÐ¨*¾A´¹©§¾�©«ªL¨Ñ¥§½h©`©«´¹¥t°L¨�²¹¾A¨¡¯>Ì(¥¿´¹¯y¾�¯x´¹¬®­8?±¶uÿÓ¥§¶¡Ì«©«´¹¨»¸¼½h©¹#�¤LªA¦>¨¡©«ªD¥L�

Ë$¤A¾A¾%©«ªA¨·¥§½�©.¬®­A¯
n
²³¨Ñ¥.¤Aªqª�¤A½h¯>´³©)¬x©«½h¾�©«²e¸¼©I¯�¬®­L¯

k
²¹¨Ñ¥.½`¤A¶»¸¼¨¡¾A¶·© °A¨�¸¹¤L¸¹¸¹¨FÌ§¶·¨=¨¡ª�¸¹¯>´³¨

½�¨¡ªA©«´³¨�©h¤AÌ«¤D¥¿¶·¨�¥
B
�

Ë$¤A¾A¾%©«ªA¨·¥§½�© ¥§ªA¬®­L¯Ð¬®­A¯
n
¥§ÍAÍA¨·¥F¤Lªw#+¥¿¸¹¸¹©«´¹¯6¾A´³¨·½h©

p
¸®¥§¶¡¯N¬®­A¯

p−1
²¹¨·¥ ¾A´³©$°L©§¸¹¸¹©W°A¨�¾%©§¸¼¯xªA¦>¯

¾A´¹¨¡½�¯N¾A¨¡¬>¬x©«¶·¯¿È�¸¹¤L¸¹¸¹¯Ð½h¨·ªA©«´³¨(©W¤AÌ§¤D¥§¶·¨�¥
B
��ì ¶·¶·©§´¼¥

p−1 | k �pïâ¯>´p¨¡¶�ïN¨¡¬>¬x©«¶·© 
�¯x©«´¹¯x½è¥ °A¨
÷"¯x´¹½�¥¿¸ó+²³¨Nµ§¯>°D¥$Èk¥§°ö¯x²¹¯x½�¾A¨¡©AÈ�îâ¥¿ªAÌ«¤D¥§²³¬>©¿Ï<Ö�¥§¬>¬>¥§Ì«ªA¨¡ªA¨uÈ�èõÅïé�È�¾D¥§ÌL�7Ò(Å(ôdÈâ²¹¨6­D¥Ã¬®­A¯
ak ≡ 1

ó�½�©
°
p
ôæÈ�¯

£�¤A¨·ªA°L¨
p | ½�¬x° (ak − 1, n)

�
ãT¶*½�¯d¸¼©
°A©H#+¥§¶·¶¡¨·²³¬>¯3²³¯±½h¬>°

(ak − 1, n) = 1
©«¾A¾L¤A´¹¯y½h¬>°

(ak − 1, n) = n
.D¨·ª7¸®¥¿¶�¬�¥§²³©�²³¨*¾A¤87

¾A´¹©
µ¿¥§´³¯y¥h¬>¥§½`ÍA¨·¥§´¹¯
k
©«¾L¾A¤A´¹¯

a
ÈD½�¥`ªA©«ªÃ²¹¨*¾A¤87t¯x²¹²¹¯x´¹¯4¬>¯>´e¸¼¨*°A¨*´³¨·¤A²³¬>¨¡´¹¯nªA¯x¶·¶uÿõ¨·ª(¸¹¯>ª(¸¼©A�

Æ`l%k È���{�þ {�~)~){
ñ �Ê�;�¯� GIH JLKNMOM*PQPQRbS�SLRQUAV M^\ g�² HWPQg

n® ��á��â�+�����%�â�Ã�)ª��
Ë$¨Ñ¥¿ªA©

n ∈ Z
¯

x1
È
x2∈ Q

ÈD¯xª(¸¼´¼¥¿½`ÍA¨:¸¼¥§¶·¨�¬®­A¯§ÈD²³¬>´¹¨»¸¹¸¹¨*¥§¨�½h¨·ªA¨¡½�¨D¸¹¯>´¹½h¨·ªL¨uÈ$¥§ÍAÍA¨·¥§ªA©�°A¯xªA©«½h¨·ªD¥�Ï
¸¼©«´³¯n¬>©«¾L´¹¨·½h©�¬>©§ª

n
�=Ë$¨*°L¨·¬>¯n¬®­L¯

x1 ≡ x2
ó�½�©
°

n
ô=²³¯

x1 − x2
ÈD²¹¬x´¹¨»¸¹¸¼©h¥§¨*½h¨·ªL¨·½h¨"¸¹¯>´³½�¨¡ªA¨uÈ$­D¥

ª�¤A½�¯x´¼¥¿¸¹©«´¹¯n°L¨¡µ
¨·²³¨·ÍA¨¡¶·¯W¾%¯>´
n
�

ìWÍAÍA¨·¥§½h©�¶Ñ¥`²¹¯xÌ«¤A¯xª�¸¹¯4¾L´¹©«¾A´³¨·¯d¸5!
I ���"ßk���������+�%���Ã�)ª¡�D«{×É���������
�ÙØcÚCÚ��pßâ�Aà)ª��/ÝA� ­
ï�¯x´p©«Ì«ªA¨

x1 ∈ Q
ó�¬>©«ªv°A¯>ªA©§½�¨¡ªD¥¿¸¼©§´¹¯6¬>©«¾A´³¨·½h©W¬x©«ª

n
ôâ¯>²¹¨¡²³¸¹¯=¤Aª`¤AªL¨·¬>©

x2 ∈ Z
È
0 ≤ x2 ≤ n−1

È
¸®¥§¶¡¯3¬®­A¯

x1 ≡ x2
ó�½�©
°

n
ôæ�kãTª�£�¤A¯x²³¸¼©�¬�¥§²³©�²³¨*¾A¤87t²¹¬x´¹¨»µ«¯>´³¯§ø

x2 = x1
ó+½h©$°

n
ôx�

�)ª·��ª+�'ª+� Û7�+�����������������=�â���ö�(���
�A�I�$�+�+�����
���«� �ö�*�â�����
n

Ë$¨Ñ¥�°D¥¿¸®¥�¤AªD¥É¬>¤L´³µ¿¥7¯>¶·¶¡¨¡¸³¸¼¨·¬>¥
E
²¹¤

Q
ó�©É¾A¨1¨ ¨·ª�Ì«¯xªA¯>´¹¥§¶·¯v²¹¤ ¤Aª.¬�¥¿½�¾%©É°A¨�ª
¤L½�¯x´¹¨�ôæÈ:°A¯dÙDªA¨»¸®¥

°D¥§¶¡¶uÿõ¯>£�¤D¥§¦x¨·©«ªA¯
y2 = x3 + ax + b.�F¨¡°A¤A´³´¹¯o¸®¥§¶¡¯Ã¬x¤A´³µ¿¥ö¯x¶·¶¡¨¡¸¹¸¹¨·¬>¥ ó�½�©
°

n
ôh²³¨·Ì«ªL¨¡ÙD¬>¥)¬>©§ªA²¹¨¡°A¯>´¹¥§´¹¯�¶Ñ¥.¬>¤A´eµ§¥

E
ó�½�©
°

n
ô�²¹¤

Zn

°A¨
¯>£�¤D¥§¦x¨·©«ªL¯

y2 = x3 + (a
ó�½�©
°

n
ô�ô

x + (b
ó+½h©
°

n
ô¹ô

.

ãTªo¾D¥§´³¸¹¨·¬x©«¶Ñ¥§´³¯3²¹¯y¨¡¶�¾A¤Aª(¸¼©
P = (x, y) ∈ E

ÈD¥§¶·¶¡©«´¼¥4¨·¶�¾A¤Lª�¸¹©Aø

P
ó�½�©
°

n
ô

= (x
ó+½h©
°

n
ô
, y

ó�½�©
°
n
ô
) ∈ E

ó+½h©
°
n
ôd�

ãTªA©«¶»¸¼´¹¯W°A¯xÙDªL¨Ñ¥§½h©
O
ó+½h©
°

n
ô
= O ∈ E

ó�½�©
°
n
ôæ�

îâ¥�²³©«½�½�¥`°A¨*¾A¤Lª�¸¹¨*²¹¨*¬x©«½�¾%©«´e¸®¥�Í�¯xªA¯y´¹¨¡²¹¾%¯x¸¹¸¹©h¥§¶·¶·¥v´¹¨¡°A¤A¦>¨¡©«ªA¯3½h©
°A¤A¶·©
n.
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m ���J�)�I�)ª¡Ý
Ë$¨Ñ¥¿ªA©

L
È
M ∈ E

È
E
¬>¤A´eµ¿¥�¯>¶¡¶·¨»¸¹¸¼¨¡¬�¥è²³¤

Zn

È
p | n �7Ë
¯�¶·¥o²³©«½h½è¥ L + M

*�°L¯xÙDªA¨»¸®¥LÈ�¥§¶¡¶·©«´¹¥
(L + M)

ó�½�©
°
p
ô
= L

ó�½�©
°
p
ô
+ M

ó+½h©
°
p
ô
.

® �R�ö���x�����L���+�%���
Ú ¯x¶*¬�¥§²³©h¨¡ªo¬>¤A¨�¥§¶¡½�¯xªA©�¤AªA©t¸¼´¹¥

L
¯

M
*y¤AÌ§¤D¥§¶·¯y¥

O
ÈA¶Ñ¥v¸¹¯>²¹¨�²³¯>Ì«¤A¯j#+¥§¬x¨·¶¡½�¯xª�¸¹¯§�

Ë$¨Ñ¥§ªL©�£�¤A¨¡ªA°A¨
L = (x1, y1)

È
M = (x2, y2)

.
L, M 6= O.

- ¤D¥§ªA°A©�¬�¥§¶¡¬>©«¶¡¨Ñ¥§½h©`¶·¥h²³©«½�½�¥t°A¨
£�¤A¯>²e¸¼¨�°A¤A¯y¾A¤Aª(¸¹¨*²¹¨*¾%©«²¹²³©«ªA©�¥
µ§¯>´³¯±¸¹´¹¯y¬�¥§²³¨uø
 «�

x1 = x2
È
y1 = −y2

�kì ¶·¶¡©«´¼¥
L + M = O

¯
L
ó�½�©
°

p
ô
+ M

ó�½�©
°
p
ô
= O

ó+½h©$°
p
ô�.

�$�
x1 = x2

È
y1 = y2 6= 0.

Ú ¯x¶·¶Ñ¥3#�©«´³½`¤A¶Ñ¥É¾%¯>´±¨·¶k¬>¥§¶·¬x©«¶·©o°A¯x¶·¶·¥o²³©«½h½è¥7¸¼´³©�µ
¨·¥§½�©Ã¥o°A¯>ªL©¿Ï
½h¨·ªD¥�¸¼©«´³¯v¤AªD¥É¾%©§¸¹¯>ªA¦>¥É°A¨

2y1
�4ï�¯>´n¨¡¾�©¿¸¼¯>²³¨�²¹¥§¾A¾A¨·¥§½h©É¬®­A¯

L + M
*�°A¯xÙAªA¨¡¸¹©É¯�£�¤A¨·ªA°L¨

y1
*`¨·ª(µ«¯x´³¸¹¨·ÍA¨¡¶·¯�ó+½h©$°

n
ôæ�nìW¶·¶¡©«´¼¥

y1 6≡ 0
ó+½h©
°

p
ôa.:°A¨�¬x©«ªA²³¯>Ì«¤A¯xªA¦�¥$È�¥§ªA¬®­A¯�¬>¥§¶·¬x©«¶Ñ¥§ªL°A©

L
ó�½�©
°

p
ô
+M

ó�½�©
°
p
ô�¬>¨$¸¼´¹©
µ
¨Ñ¥¿½�©3¨¡ª`£�¤A¯>²e¸¼©±²³¸¹¯>²¹²³©4¬>¥§²¹©y¯

2y1
ó+½h©$°

p
ô>*�¨·ª(µ«¯x´³¸¼¨¡ÍA¨·¶¡¯§�

ÆL�
x1 6= x2.

ÚF¯>¶·¶·¥w#�©«´¹½v¤A¶Ñ¥v¾%¯>´�¨¡¶:¬>¥§¶·¬x©«¶·©`°L¯>¶·¶·¥`²¹©«½h½�¥v¨·¶�°A¯>ªA©§½�¨¡ªD¥¿¸¼©§´¹¯9*y¤AªD¥�¾%©§¸¼¯xªA¦�¥�°A¨
(x2 − x1)

�±Ë$¯
x1 6≡ x2

ó+½h©
°
p
ôW¥§¶¡¶·©«´¹¥h¾%©«²³²¹¨Ñ¥¿½�©è¥§¾A¾A¶¡¨·¬�¥¿´¹¯±¶Ñ¥÷#�©«´³½`¤A¶·¥h¨¡ª�£�¤A¯>²e¸¼¨·©§ªA¯�¯

¬x©«ªA¬>¶¡¤A°A¯x´¹¯§� Ë$¯±¨·ª(µ§¯>¬>¯v²¹¨â¥�µ«¯>²³²¹¯
x1 ≡ x2

ó�½�©
°
p
ô�¥§¶¡¶·©«´¹¥

p | x2 − x1
¯±ªA©«ª�²¼¥§¾L´¹¯>½h½h©

¬>¥§¶·¬x©«¶Ñ¥§´³¯3¶uÿõ¨·ª(µ§¯>´¹²³©�°L¨
x2 − x1

½�©
°A¤A¶¡©
n
.D¨¡ªo¬>©«ª(¸¼´¹¥§°A°A¨¡¦>¨¡©«ªA¯n¬>©§ªÃ¶�ÿÓ¨¡¾�©¿¸¼¯>²³¨�¨·ªL¨·¦>¨·¥§¶·¯¿�

�

ïk´¹¯>²³¯>ª(¸¼¨·¥§½h©h©§´¼¥�¤Aª�ÿÓ¥§¶¡¸¹´¼¥`¾A´³©«¾A´³¨·¯x¸"!�¨·½h¾�©«´e¸®¥§ª(¸¹¯3°A¯>¶¡¶Ñ¥`´³¨·°A¤A¦x¨·©«ªL¯3½�©
°A¤A¶¡©
n.

I ���"ßk���������+�%���Ã�)ª �
Ë$¨Ñ¥

E
¶·¥`¬>¤A´eµ§¥t¯>¶¡¶·¨»¸¹¸¼¨¡¬�¥±°A¯xÙDªL¨¡¸®¥t°D¥§¶¡¶uÿõ¯>£�¤D¥§¦x¨·©«ªL¯

y2 = x3 + ax + b
ÈD¬x©«ª

a
È
b ∈ Z

ÈD½h¬>°
(4a3 +

27b2, n) = 1
ó�¸¼¥§¶·¯`¬x©«ªA°A¨¡¦>¨¡©«ªA¯v¨¡½�¾L¶·¨·¬>¥h¬®­L¯�¨·¶�½h¯>½vÍA´¹©É°L¨�°A¯x²³¸¼´¹¥7ªA©«ª.¥§ÍAÍL¨Ñ¥è¦x¯>´¹¨�½`¤A¶¡¸¹¨·¾A¶¡¨�ª8?

ó+½h©$°
n
ôdÈDª8?�ó�½�©
°

p
ôæÈD¾�¯x´�©«Ì«ªA¨

p
°A¨»µ$¨¡²¹©«´³¯n¾A´¹¨¡½�©�°L¨

n
ôæ�

Ë$¨Ñ¥§ªL©
P1
È
P2∈ E

ÈL¬>©«ªÃ°A¯>ªL©«½�¨¡ªD¥¿¸¹©«´¹¨�¬>©«¾A´³¨·½h¨:¬x©«ª
n
È
P1 6= −P2

�2Ë$¨�­D¥t¬®­A¯¿ø
P1 + P2 ∈ E

­D¥�¬x©$©§´¹°A¨¡ªD¥¿¸¼¯y¬x©«ª8°A¯xªA©«½h¨·ªD¥�¸¼©«´³¯±¬x©«¾A´³¨·½h©h¬x©«ª
n
²¹¯±¯v²³©«¶·©h²¹¯±ªA©«ª�¯x²¹¨¡²³¸¼¯

p¾A´¹¨¡½�©LÈ
p | n ÈA¸¼¥§¶·¯n¬®­L¯

P1
ó�½�©
°

p
ô
+ P2

ó+½h©$°
p
ô
= O

ó+½h©$°
p
ô ∈ E

ó+½h©
°
p
ô
.

® �R�ö���x�����L���+�%���
=⇒ ô�Ë$¨·¥§ªA© P1 = (x1, y1)

È
P2 = (x2, y2)

�
P1 + P2 ∈ E

¥§ÍAÍA¨·¥h¬x©$©«´³°A¨·ªA¥¿¸¼¯n¬x©«ª8°A¯xªA©«½h¨·ªD¥�¸¼©«´³¯
¬>©«¾L´¹¨·½h©`¬x©«ª

n
¯y²¹¨·¥

p
¤Aª�#+¥�¸¹¸¼©§´¹¯n¾A´³¨·½h©�°A¨

n
�6äW©§ÍAÍA¨Ñ¥¿½�©�½h©«²³¸¹´¼¥§´³¯n¬®­A¯

P1
ó�½�©
°

p
ô
+ P2

ó+½h©$°
p
ô 6= O

ó+½h©$°
p
ô ∈ E

ó+½h©
°
p
ô
.

ÎÐ©«½h¨·ªA¬x¨Ñ¥§½h©v°A¨¡²³¸¹¨·ªAÌ«¤L¯>ªA°A©t°A¤L¯±¬>¥§²¹¨�ø
 «�

x1 6≡ x2
ó+½h©$°

p
ô
;
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�$�

x1 ≡ x2
ó+½h©$°

p
ô
.

Ú ¯x¶:¾A´³¨·½h©`¬�¥§²³©t²¹¨*¥§´³´¹¨»µ§¥¹#+¥§¬>¨¡¶·½h¯>ª(¸¼¯W¥§¶·¶·¥4¬>©§ªA¬>¶¡¤A²¹¨¡©«ªA¯§È$¨·ª7£�¤D¥§ª(¸¹©
P1
ó+½h©
°

p
ô
+ P2

ó+½h©$°
p
ô 6=

O
ó�½�©
°

p
ô ∈ E

ó+½h©
°
p
ô2¾%¯>´=¶·¥4°A¯dÙDªA¨·¦x¨·©«ªL¯3°A¨�¥¿°A°A¨·¦x¨·©«ªL¯`ó�¶Ñ¥v²³©«½�½�¥4°L¨:°A¤A¯W¾A¤Aª(¸¼¨�¬x©«ªo¥§²³¬>¨·²³²¼¥

°A¨¡µ§¯>´³²¼¥tªA©«ªo°'!t½è¥§¨
O
ôæ�- ¤L¨·ªA°A¨�ÈL¾%©«²¹²³¨Ñ¥§½h©�´¹¨¡°A¤A´³¬>¨*¥§¶*²³¯>¬x©«ªA°A©h¬�¥§²³©

x1 ≡ x2
ó+½h©$°

p
ôd�

ìWªA¬®­A¯±£�¤A¨*°A©«ÍLÍA¨Ñ¥§½h©�¬>©§ªA²¹¨¡°A¯>´¹¥§´¹¯y°A¤A¯y¬>¥§²¹¨�ø
�§¥L�

P1 = P2
.

�¿Í��
P1 6= P2

�
Ë$¤A¾A¾%©«ªA¨·¥§½�©�¬®­L¯

P1 = P2
ENìW¶·¶¡©«´¼¥

P1 + P2 = 2P1 = (x3, y3)
ÈD°A©
µ«¯







x3 =
(

3x2
1+a

2y1

)2

− 2x1

y3 = −y1 +
(

3x2
1+a

2y1

)

(x1 − x3).

î*¯=¬>©
©«´¹°L¨·ªD¥¿¸¹¯=°A¨
2P1

ó�½�©
°
p
ô�²³¨L¸¼´³©
µ§¥¿ªA©y¬>©«ª�¶¡¯=²³¸¹¯>²¹²³¯ #�©§´¹½`¤A¶¡¯§È¿½è¥3²³©«²³¸¹¨¡¸¼¤L¯>ªA°A©y©«Ì§ªA¨$¸¹¯>´¹½h¨·ªL¯

¬>©«¶:²¹¤A©h´¹¨¡°A©§¸¹¸¹©�½�©
°A¤A¶¡©
p
�

ï�¯>´�½�©§²³¸¼´¹¥§´¹¯o¬®­A¯
P1
ó�½�©
°

p
ô
+ P2

ó+½h©$°
p
ô 6= O

ó+½h©$°
p
ôtÍD¥¿²³¸®¥I½�©§²³¸¼´¹¥§´¹¯o¬®­A¯

p - 2y1ó+¨¡ª/#+¥¿¸¹¸¹¨uÈ%²¹¯
p - 2y1

¥¿¶·¶·©§´¼¥
p - y1

¬x¨·©�*
y1 6≡ 0

ó+½h©$°
p
ôdÈ*¯�£�¤A¨¡ªA°A¨

P1
ó�½�©
°

p
ô
+ P2

ó+½h©
°
p
ô 6=

O
ó�½�©
°

p
ô³ôd�

ïN´³©$¬x¯>°A¨·¥§½h©C¾%¯>´Ã¥§²³²¹¤A´³°A©A�ÕË$¯
p | 2y1

¥§¶·¶¡©«´¼¥LÈF²¹¨¡¬>¬x©«½�¯.¨¡¶3°A¯>ªL©«½�¨¡ªD¥¿¸¹©«´¹¯ °A¨
x3

ªA©«ªØ*
°A¨¡µ
¨¡²¹¨·ÍL¨·¶·¯o¾%¯>´

p
ó+¾%¯>´É¨¡¾�©§¸¹¯>²³¨�ôdÈF¥§ÍLÍA¨Ñ¥§½h©

p | (3x2
1 + a)

� - ¤L¨·ªA°A¨
x1
*8´¼¥§°A¨¡¬>¯�½v¤A¶¡¸¹¨·¾A¶·¥I°A¨

x3 + ax + b
ÈD¨·¶�¬®­L¯4¬x©«ª(¸¼´¼¥¿°A°A¨·¬x¯y¶·¯n¨·¾%©§¸¹¯>²¹¨:¨·ªA¨¡¦>¨Ñ¥¿¶·¨u�

Ë$¤A¾A¾%©«ªA¨·¥§½�©�©§´¼¥�¬®­A¯
x1 ≡ x2

ó+½h©$°
p
ôÐ¯

P1 6= P2
�6Ë$¨¡¬>¬>©§½�¯

x1 6= x2
ÈD¾%©«²¹²³¨Ñ¥§½h©�²¹¬x´¹¨¡µ§¯>´³¯

x2 = x1 + prx,

¬>©«ª
r ≥ 1

¸®¥¿¶·¯.¬®­A¯öª/?)¨¡¶3ª�¤A½�¯x´¼¥¿¸¹©«´¹¯¿Ènª8?I¨·¶3°A¯xªA©«½h¨·ªD¥�¸¼©«´³¯I°L¨
x
²¹¨·¥§ªA©C°A¨¡µ
¨¡²¹¨·ÍL¨·¶·¨F¾%¯>´

p
�

ËL¥§¾A¾L¨Ñ¥§½h©`¨·ªL©«¶¡¸¹´¹¯3¬®­A¯±¨·¶�°A¯>ªL©«½�¨¡ªD¥¿¸¹©«´¹¯n°A¨
P1 + P2

ªA©«ª`*y°A¨»µ$¨¡²¹¨¡ÍA¨·¶¡¯W¾%¯>´
p
�

î�¯j#�©«´³½`¤A¶¡¯3¬®­A¯±¬>¨]#�©«´³ªA¨·²³¬>©«ªL©h¶¡¯n²¹¤A¯±¬>©
©«´³°A¨·ªD¥�¸¼¯3²³©«ªA©






x3 =
(

y2−y1

x2−x1

)2

− x1 − x2

y3 = −y1 +
(

y2−y1

x2−x1

)

(x1 − x3).

Ë$¨·¬x¬>©«½h¯
x2 − x1 = prx

¥§¶¡¶·©«´¹¥ y2−y1

x2−x1

°A¯dµ�ÿõ¯>²³²¹¯x´¹¯)¸¼¥§¶·¯8¬®­A¯§È ´¹¨·°L©§¸¹¸¹©;¥§¨3½h¨·ªA¨¡½�¨�¸¼¯x´¹½h¨·ªA¨�È�¨·¶
°A¯>ªL©«½�¨¡ªD¥¿¸¹©«´¹¯ ªA©«ª7²¹¨·¥`°A¨¡µ
¨¡²¹¨·ÍL¨·¶·¯F¾%¯>´

p
.A²¹¯xÌ«¤A¯y£�¤A¨·ªA°L¨�¬®­A¯

y2 − y1 = pry
ó
y
¾L¤87h¥§ªA¬®­A¯n¯x²¹²¹¯x´¹¯

°A¨¡µ
¨¡²¹¨·ÍL¨·¶·¯F¾%¯>´
p
ôæ�

ï�©«¨¡¬®­8?
P2 ∈ E

ÈA²¼¥§¾L¾A¨Ñ¥§½h©�¬®­A¯

y2
2 = x3

2 + ax + b = (x1 + prx)3 + a(x1 + prx) + b.

Ë
µ«©§¶·Ì«¯xªA°A©t¨·¶�½h¯>½vÍA´¹©�°A¨*°L¯>²³¸¹´¼¥t¯y´¹¨·°L¤A¬>¯xªA°A©«¶¡©8ó�½�©
°
pr+1 ô�²³¨*´¹¨¡¬�¥�µ¿¥

y2
2 ≡ x3

1 + 3x2
1p

rx + ax1 + aprx + b ≡ prx(3x2
1 + a) + x3

1 + ax1 + b
ó�ÒA�¡ 
ô

≡ y2
1 + prx(3x2

1 + a)
ó+½h©$°

pr+1 ôæ�
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ËL¥§¾A¾L¨Ñ¥§½h©`¬®­A¯

x2 ≡ x1
ó+½h©$°

pr ô@¯y¬®­A¯ y2 ≡ y1
ó�½�©
°

pr ô ⇒ P1
ó+½h©$°

p
ô

= P2
ó�½�©
°

p
ô
.Ë$¯>Ì«¤L¯±¬®­L¯

P1
ó�½�©
°

p
ô
+ P2

ó�½�©
°
p
ô
= 2P1

ó+½h©$°
p
ô

¯n£�¤A¨·ªA°L¨
P1
ó+½h©
°

p
ô
+ P2

ó+½h©$°
p
ô
= O

ó�½�©
°
p
ô ⇔ y1 ≡ y2 ≡ 0

ó+½h©$°
p
ô
.ï�¯x´�¥¿²¹²¹¤L´¹°A©AÈ¿²¹¯z#�©«²³²¹¯

P1
ó�½�©
°

p
ô
+P2

ó+½h©
°
p
ô
= O

ó+½h©$°
p
ôdÈ�²¹¨�¥�µ
´¹¯>ÍLÍ�¯

y1 ≡ y2 ≡ 0
ó�½�©
°

p
ôæÈ

½è¥è¥§¶·¶¡©«´¼¥
y1 ≡ −y2

ó�½�©
°
p
ôF¯�£�¤A¨¡ªA°A¨

y2
2 − y2

1 = (y2 − y1)(y2 + y1)
²¼¥¿´¹¯>ÍLÍ�¯�°A¨»µ
¨·²¹¨¡ÍA¨·¶¡¯y¾�¯x´

pr+1 ©«²³²¹¨Ñ¥ y2
2 ≡ y2

1

ó+½h©$°
pr+1 ô .×8¥�¥¿¶·¶·©§´¼¥LÈ
©«²¹²³¯>´eµ§¥¿ªA°A©h¶uÿõ¯>£�¤D¥§¦x¨·©«ªA¯hó�ÒA�» �ôdÈD¥¿ÍAÍA¨Ñ¥¿½�©�¬®­A¯

(3x2
1 + a) ≡ 0

ó+½h©
°
p
ô
,

¯n¬>¨17h¬x©«ª(¸¼´¹¥§°A°A¨¡¬>¯y¶uÿõ¨·¾%©§¸¼¯x²¹¨�¬®­A¯4¨¡¶�¾%©«¶·¨¡ªA©«½h¨·©
x3 + ax + b

ªA©«ªÃ¥§ÍAÍL¨Ñ¥�´¼¥§°L¨·¬>¨:½`¤A¶¡¸¹¨·¾A¶¡¯§�
⇐=

ôpË$¤L¾A¾�©§ªA¨Ñ¥§½h©W©§´¼¥W¬®­A¯�¾%¯>´�©«Ì«ªA¨
p | n È p ¾A´³¨·½h©AÈ P1

ó�½�©
°
p
ô
+P2

ó�½�©
°
p
ô 6= O

ó+½h©
°
p
ô

¯�½h©«²e¸¼´¹¨·¥§½h©I¬®­L¯§È�¥§¶¡¶·©«´¹¥LÈ
P1 + P2

­A¥)¬>©
©«´³°A¨·ªD¥�¸¼¯o¬®­A¯§È�´³¨·°A©¿¸¹¸¼¯�¥§¨�½h¨·ªA¨¡½�¨6¸¼¯>´³½�¨¡ªA¨uÈ6­D¥§ªLªA©
°A¯>ªL©«½�¨¡ªD¥¿¸¹©«´¹¨�¬>©«¾A´³¨·½h¨:¬x©«ª

n
�

÷�¨·²³²¹¨Ñ¥¿½�©
p | n �ÐÎÐ©§ªA²¹¨¡°A¯>´³¨Ñ¥§½h©`¨*°A¤A¯y¬>¥§²¹¨�ø �ô

x1 6≡ x2
ó�½�©
°

p
ô�.

�«ô
x1 ≡ x2

ó�½�©
°
p
ôæ�

Ú ¯x¶*¬�¥§²³©Ã 
ôdÈD©«²³²¹¯>´eµ¿¥§ªA°A©h¶·¯n¬x©$©«´³°A¨·ªA¥¿¸¼¯n°A¯x¶·¶·¥`²¹©«½h½è¥






x3 =
(

y2−y1

x2−x1

)2

− x1 − x2

y3 = −y1 +
(

y2−y1

x2−x1

)

(x1 − x3)

¯F¸¹¯>ªA¯xªA°A©`¬x©«ª(¸¼©4¬®­A¯
p - x2−x1

²³¨Dµ«¯>°L¯3¨·½h½�¯x°A¨Ñ¥�¸®¥§½h¯>ª(¸¼¯Ð¬®­A¯
p
ªA©«ªÉ°L¨¡µ
¨·°A¯�¨¡¶D°A¯>ªA©§½�¨¡ªD¥¿¸¼©§´¹¯§�

ÎÐ¨�´¹¨·°L¤A¬>¨·¥§½�©t¾%¯>´³¬>¨g7è¥§¶�²¹¯x¬>©«ªA°L©7¬�¥§²³©Aø
x1 ≡ x2

ó�½�©
°
p
ôn�WË
¨â©§²¹²¹¯x´³µ¿¥É¬®­A¯

y2 ≡ ±y1
ó�½�©
°

p
ô
.Ë$¨·¬x¬>©«½h¯

P1
ó+½h©
°

p
ô

+ P2
ó+½h©$°

p
ô 6= O

ó+½h©
°
p
ô8¥§ÍLÍA¨Ñ¥§½h©C¬®­A¯

y2 ≡ y1 6≡ 0
ó�½�©
°

p
ô®Èv¯

°A©«ÍAÍL¨Ñ¥§½h©`°A¨¡²³¸¼¨¡ªAÌ«¤A¯x´¹¯n¶¡¯n°A¤A¯y¾�©§²¹²¹¨¡ÍA¨·¶¡¨¡¸"!v¬®­A¯y²¹¨�¾A´³¯>²¹¯xª(¸®¥§ªA©Lø
�§¥(ô

P1 = P2;�¿Í"ô
P1 6= P2.Î=¥§²¹©��§¥«ôdø

P1 = P2.
�F¨¡¬>©«´³°D¥§ªA°L©�¬®­A¯







x3 =
(

3x2
1+a

2y1

)2

− 2x1

y3 = −y1 +
(

3x2
1+a

2y1

)

(x1 − x3)

¯±¬®­L¯
y1 6≡ 0

ó�½�©
°
p
ôæÈA²¹¨*©«²³²¹¯x´³µ¿¥�¬®­A¯y¨*°A¯xªA©«½h¨·ªD¥�¸¼©«´³¨:²¹©§ªA©�¬x©«¾A´³¨·½h¨:¬>©§ª

p
�

Î=¥§²¹©3�¿Í"ôæø
P1 6= P2

��Ë$¬>´³¨¡µ
¨Ñ¥§½h©Fª
¤L©�µ¿¥§½h¯>ª(¸¹¯
x2 = x1+prx

È§¬x©«ª
p - x

��ì ÍAÍA¨Ñ¥¿½�©FÌ«¨,!�¬�¥¿¶·¬>©§¶Ñ¥¿¸¹©
¬®­A¯

y2
2 ≡ y2

1 + prx(3x2
1 + a)

ó�½�©
°
pr+1 ô

¯>°�¥§¶·¶¡©«´¼¥

y2
2 ≡ y2

1 + prx(3x2
1 + a)

ó�½�©
°
p
ôæ�
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�F¨¡¬>©«´³°D¥§ªA°L©�¬®­A¯

prx = x2 − x1
ÈL©§¸¹¸¹¯>ªA¨·¥§½�©
y2

2 − y2
1

x2 − x1
≡ (3x2

1 + a)
ó+½h©$°

p
ô
.

ê3²¹²¹¯x´³µ¿¥§ªA°L©7¬®­A¯`¨·¶�¶·¥¿¸¼©�°A¨�°A¯x²³¸¹´¼¥è­D¥É¨¡¶�°A¯>ªA©§½�¨¡ªD¥¿¸¼©§´¹¯±¬>©«¾A´³¨·½h©�¬x©«ª
p
È�¾�©§²¹²¹¨·¥§½h©�¬x©«ªA¬>¶¡¤A°A¯x´¹¯

¬®­A¯±¥§ªA¬®­A¯±¨·¶:¶Ñ¥¿¸¹©�°A¨�²¹¨¡ªA¨·²e¸¼´¹¥tÌ§©$°A¯n°L¯>¶·¶·¥`²³¸¹¯>²¹²¹¥�¾A´³©«¾A´³¨·¯x¸"!L�
ên´¹¥LÈA²³¨·¬>¬x©«½h¯

p - (y2 + y1) ≡ 2y1
ó�½�©
°

p
ôæÈD¾�©§²¹²¹©t°A¨»µ
¨·°A¯x´¹¯y¾�¯x´

(y2 + y1)
ÈD©§¸¹¸¹¯>ªA¯xªA°A©h¬>©«²�Ù

y2
2 − y2

1

(x2 − x1)(y2 + y1)
=

y2 − y1

x2 − x1

¯>°�¥§ªA¬®­A¯±£�¤A¯>²e¸¼©è¸¹¯>´³½�¨¡ªA¯n­D¥t°A¯>ªA©§½�¨¡ªD¥¿¸¼©§´¹¯n¬>©§¾A´¹¨¡½�©�¬x©«ª
p
�=×8¥$È%©§²¹²¹¯x´³µ¿¥§ªA°L©è¶·¯9#�©§´¹½`¤A¶¡¯n¾�¯x´

¬�¥§¶¡¬>©«¶·¥§´¹¯ ¶·¯n¬x©$©«´³°A¨·ªA¥¿¸¼¯n°A¨
P1 + P2,

©«²¹²³¨Ñ¥






x3 =
(

y2−y1

x2−x1

)2

− x1 − x2

y3 = −y1 +
(

y2−y1

x2−x1

)

(x1 − x3),

²¹¯xÌ«¤A¯y¨·½h½�¯x°A¨Ñ¥�¸®¥§½h¯>ª(¸¼¯ ¬®­A¯n¸®¥§¶¡¨�¬>©
©«´³°A¨·ªD¥�¸¼¯3­D¥¿ªAªA©h°A¯>ªA©§½�¨¡ªD¥¿¸¼©§´¹¯3ªA©§ª�°A¨»µ
¨·²¹¨¡ÍA¨·¶¡¯ ¾%¯>´
p
�

�

Æ`l¯ü Ü {;�)u4|3u |`t^Ý {�v`~��A�Lr
ñ �RÛ��¯� ³ [pS�S$gNJLRQf:f:[Nf�RegNa M1U�gNaZPQM/U�H JLKNMOM*PQPQRbS�SLRQUAV M
Ë$¨Ñ¥

n
¤Aª@ª�¤A½h¯>´¹©C¬>©§½�¾%©«²³¸¹©;°A¨·²³¾D¥§´¹¨�� òN©«Ì«¶¡¨Ñ¥§½h©)¸¹´¹©
µ¿¥§´¹¯.¤Aª³#+¥¿¸¹¸¹©«´¹¯ ªL©«ªÀÍA¥§ªD¥§¶¡¯

d
°A¨

n
È

1 < d < n
�

ï�¯>´�¨¡ªA¨·¦x¨Ñ¥§´³¯§ÈL¾L´¹¯>ªL°A¨Ñ¥§½h©�¤AªD¥t¬>¤L´³µ¿¥�¯>¶·¶¡¨¡¸³¸¼¨·¬>¥
E
ÈL°A¯xÙDªL¨¡¸®¥�°D¥¿¶·¶uÿõ¯>£�¤D¥¿¦>¨·©§ªA¯

y2 = x3 + ax + b,

¬>©«ª
a
È
b ∈ Z

¯y¤Aª�¾L¤Aª(¸¼©
P = (x, y) ∈ E

�
í4�:�>���
�A�L���+�%��� øN¶·¥t¬x©«¾A¾A¨·¥

(E, P )
*y²e¸®¥¿¸¼¥t¸¹´¹©
µ¿¥¿¸®¥LÈD¾L´¹©«ÍD¥¿ÍA¨·¶¡½�¯xª�¸¹¯§ÈA¬x©«ªÃ¤Aª�½h¯x¸¹©$°L©h¬>¥§²¹¤A¥§¶·¯¿È

¾A´¹©
µ
¨Ñ¥¿½�© ¥ ¤A²¹¥§´¹¶·¥�¾�¯x´H#+¥¿¸¹¸¹©«´¹¨¡¦>¦>¥§´¹¯
n
ÈN²¹¯oªA©«ª;´¹¨¡¤A²¹¬x¨Ñ¥§½h©�ªA¯x¶·¶�ÿÓ¨¡ª�¸¹¯>ª(¸¼© ¾L´¹¯>ªL°A¨Ñ¥§½h©�¤Aª:ÿÇ¥§¶»¸¼´¹¥

¬>©«¾L¾A¨Ñ¥
(E ′, P ′)

¯è´¹¨·¬x©«½h¨·ªA¬x¨Ñ¥§½h©A�ÃË$¯É¶·¥�¾A´³©«ÍD¥§ÍL¨·¶·¨»¸5!o°A¨+#+¥¿¶·¶·¨¡´¹¯�¤Aª�¸¹¯>ª(¸®¥�¸¼¨¡µ§©£*
ρ < 1

¥§¶¡¶·©«´¹¥
°A©«¾%©

m
¾L´¹©
µ«¯¿ÈD¶Ñ¥`¾A´³©«ÍD¥§ÍA¨¡¶·¨»¸5!y°A¨*¥�µ«¯x´�#+¥¿¶·¶·¨»¸¼©±²¹¯x½�¾A´³¯6*

ρm ¬®­A¯6*n¤Aªoª�¤A½h¯>´¹©k�T½�©«¶»¸¼©4¾A¨·¬x¬>©«¶¡©��
¾�¯x´

m
�Q½h©«¶¡¸¹©�Ì«´¹¥§ªA°A¯��®� - ¤A¯x²³¸¹©)Ì(¥¿´¼¥§ª(¸¼¨¡²¹¬x¯�ÍA¤L©«ªA¯o¾A´¹©§ÍD¥§ÍA¨¡¶·¨¡¸"!�°A¨�²¹¤L¬>¬>¯x²¹²³©{¨·ª;¤Aªqª�¤A½h¯>´³©

´¼¥§Ì§¨·©«ªA¯dµ«©«¶¡¯3°A¨�¸¹¯>ª(¸®¥¿¸¹¨¡µ
¨u�
2 ªD¥�µ«©§¶¡¸®¥`ÙD²³²¼¥¿¸¼¥h¶·¥�¬>©«¾A¾L¨Ñ¥

(E, P )
ÈD²¹¬x¯>Ì«¶¡¨Ñ¥§½h©`¤Aª�¨·ª(¸¼¯x´¹©

k
°A¨¡µ
¨¡²¹¨·ÍL¨·¶·¯ ¾�¯x´�¾�©§¸¹¯>ªA¦x¯4°L¨*¾A¨·¬x¬>©«¶¡¨

¾A´¹¨¡½�¨�È$°L¯>¶�¸¼¨¡¾�©
lαl
ÈD¬x©«ª

l
¾A´³¨·½h©AÈ

l ≤ B
È
lαl ≤ C

� - ¤A¨·ªA°L¨�¾A´¹¯xªA°A¨·¥§½�©Lø
k =

∏

l≤B

lαl ,
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¬>©«ª
αl =

⌊
¶·©«Ì

C¶¡©«Ì
l

⌋ ó�*y¨·¶�½è¥¿²¹²¹¨¡½�©�¯x²¹¾%©«ªA¯xª�¸¹¯±¸¼¥§¶·¯n¬®­L¯
lαl ≤ C

ôn�
ì�°A¯>²³²¹©W¬x¯>´³¬®­A¨Ñ¥§½h©�°A¨(¬�¥¿¶·¬>©§¶Ñ¥§´³¯

kP
È�¬>©«¶(½h¯x¸¹©$°A©�°A¯x¨(´¼¥§°L°A©«¾A¾A¨·¥§½h¯>ª(¸¼¨«²³¤A¬>¬x¯>²³²¹¨¡µ
¨�È§¶Ñ¥�µ§©«´¼¥§ªL°A©

ó+½h©$°
n
ôn¥Ã©«Ì§ªA¨p¨¡¸¹¯>´¹¥§¦>¨¡©«ªA¯§� - ¤A¯x²³¸¼©Ã¬�¥¿¶·¬>©§¶·©7´¹¨¡²¹¤A¶»¸®¥7¨·ª�¤L¸¹¨·¶¡¯§È:¸¹´¼¥§ªAªL¯�ªA¯x¶k¬�¥§²³©8¨¡ªI¬x¤A¨uÈ�¨¡ªI¤LªD¥

°A¯>¶¡¶·¯F¨¡¸¹¯>´¼¥¿¦>¨·©§ªA¨uÈ�¬>¯x´¹¬>¥§ªA°A©�°A¨�¬�¥§¶¡¬>©«¶·¥§´¹¯ ¶uÿõ¨·ª(µ«¯x´¹²³©`°A¨
(x2− x1)

©«¾L¾A¤A´¹¯W°A¨
2y1

ó�¥`²³¯>¬x©«ªA°D¥�°A¯x¶·¶Ñ¥#�©«´¹½v¤A¶Ñ¥�¾�¯x´p¶uÿÓ¥§°A°L¨·¦>¨¡©«ªA¯6¬®­A¯�¬>¨L²¹¯>´eµ«¯�¨¡ª�£
¤L¯>¶·¶·¥ °A¯d¸¼¯x´¹½h¨·ªD¥¿¸¼¥W¨¡¸¹¯>´¹¥§¦>¨¡©«ªA¯
ôæÈ¿¸¹´¹©
µ
¨Ñ¥§½h©W¤Aª�ª�¤A½h¯>´³©
¬®­A¯áM]X^M�_aO�U h5X5S�d�OQùÞXGh5X^M

n
� - ¤A¯x²³¸¹© ¥§¬>¬>¥§°A¯�£
¤A¥§ªA°A©�²³¸¼¨·¥§½h©�¬>¥§¶·¬x©«¶Ñ¥§ªL°A©o¤Aª�½`¤A¶»¸¼¨¡¾A¶·©

k1Pó+²³©«½�½�¥`¾D¥§´³¦>¨·¥§¶·¯�ô6¬®­A¯±¾�¯x´�£
¤A¥§¶·¬®­A¯
p | n *n¸®¥§¶¡¯3¬®­A¯§ø

k1(P
ó+½h©$°

p
ô
) = O

ó+½h©$°
p
ô
,

©«²¹²³¨Ñ¥ö¶�ÿÓ©§´¹°A¨¡ªA¯�°L¨
P
ó+½h©$°

p
ô ∈ E

ó�½�©
°
p
ô�°L¨¡µ
¨·°A¯

k1
�OãTªð¸¼¥§¶F¬�¥§²³©{´¹¨·¬x©«´¹°L¨Ñ¥§½h©)¬®­L¯£*�¤L¸¹¨·¶·¯

¯$ç�¯x¸³¸¼¤D¥§´³¯v¶·¥tµ§¯>´¹¨»ÙD¬�¥h°A¨â¬>©«¾A´³¨·½�¥§¶·¨»¸5!oó�¸¼´¼¥t¨·¶�ª�¤A½h¯>´³©è¬®­A¯vµ§©«Ì«¶¡¨Ñ¥§½h©�¨·ª(µ«¯x´³¸¹¨·´¹¯±¯>°
n
ôF½h¯>°L¨Ñ¥§ª(¸¼¯

¶uÿÓ¥§¶·Ì§©«´¹¨»¸¼½h©É¯>¤A¬x¶·¨¡°A¯>©Ã¾�¯x´¹¬®­8?è¯>²¹²³© ¬>¨6¾�¯x´¹½h¯x¸³¸¼¯h°A¨6¸¹´¹©
µ¿¥§´¹¯h¶uÿõ¨·ª(µ§¯>´¹²³©�¬®­A¯�¬>¯>´³¬�¥�µ¿¥§½h©�²¹¯�¨6°L¤A¯
ª�¤A½�¯x´¹¨�²¹©§ªA©è¬x©«¾A´¹¨¡½�¨:©«¾A¾A¤A´³¯§È%¨·ªÃ¬�¥§²³©è¬x©«ª(¸¼´¼¥¿´¹¨·©LÈD´¹¯>²e¸¼¨»¸¼¤A¨¡²¹¬>¯±¨·¶*½�¥§²³²¹¨·½h©t¬>©«½v¤Aª�°L¨¡µ
¨·²³©«´¹¯n¸¼´¹¥
¨�°A¤A¯¿�- ¤L¯>¶(½�¥§²¹²³¨·½h©�¬>©«½`¤Lª±°L¨¡µ
¨·²³©«´¹¯k¾A¤/7 ¯x²¹²¹¯x´¹¯2¤Aª4°L¨¡µ
¨·²³©«´¹¯k¾A´³©«¾A´³¨·©�°A¨

n
È¿¯6¥§ÍAÍL¨Ñ¥§½h©=¸¼¯x´¹½h¨·ªD¥¿¸¹©AÈ

©«¾A¾A¤L´¹¯y¾A¤87t¯>²³²¹¯x´¹¯v¾L´¹©«¾A´³¨·©
n
�

Ú ¯>¶*²³¯>¬x©«ªA°A©h¬�¥§²³©AÈD²¹¨�­D¥�¬®­A¯±¨·¶�°A¯>ªL©«½�¨¡ªD¥¿¸¹©«´¹¯j*n°A¨»µ
¨·²¹¨¡ÍA¨·¶¡¯W¾%¯>´
n
ÈD¯n£�¤A¨¡ªA°A¨*¬®­A¯

k1(P
ó+½h©$°

p
ô
) = O

ó+½h©
°
p
ô

¾�¯x´`©«Ì«ªL¨
p
°A¨»µ
¨·²¹©§´¹¯É¾A´³¨·½h©�°A¨

n
ó+£�¤A¯>²e¸¼© *7½h©«¶¡¸¹©8¨·½h¾A´³©«ÍD¥§ÍA¨¡¶·¯t²¹¯

n
­A¥�°A¤A¯7© ¾A¨1¨{°A¨¡µ
¨·²³©«´¹¨

¾A´¹¨¡½�¨�½�©§¶¡¸¼©vÌ«´¼¥§ªL°A¨�ôæ�- ¤L¨·ªA°A¨]*±½h©«¶»¸¼©`¾A´³©«ÍD¥§ÍL¨·¶·¯W¬®­A¯§È"£�¤D¥§ªA°L©�¬x¯>´¹¬®­L¨Ñ¥§½h©t°A¨�¬�¥¿¶·¬>©§¶Ñ¥§´³¯
k1P

ó+½h©
°
n
ôdÈA¾%¯>´�¤Aª

k1¬®­A¯¹*4½`¤L¶¡¸¼¨¡¾A¶·©v°A¯>¶¡¶uÿõ©«´¹°A¨¡ªA¯3°A¨
P
ó+½h©$°

p
ôyó+¾%¯>´�£�¤D¥§¶·¬®­L¯

p | n ô=¸¹´¹©
µ«¯x´¹¯x½�©�¤Aª8°A¨»µ
¨·²¹©§´¹¯n¾A´³©«¾A´¹¨¡©°A¨
n
�

í4�:�>���
�A�L���+�%���
Ë$¾A¨¡¯>Ì«­A¨·¥§½h©`©«´¼¥�¾%¯>´³¬®­8*y¨·¶�½h¯x¸¹©$°A©t°A¨�î�¯xªA²³¸¹´¼¥i#�¤AªA¦x¨·©«ªD¥$�- ¤A¥§ªA°A©3¬x¯>´³¬®­A¨Ñ¥§½h©3°A¨�#+¥¿¸¹¸¹©«´¹¨¡¦>¦>¥§´¹¯

n
È«²³¤A¾A¾%©«ªA¨Ñ¥¿½�© ¬®­A¯�¯>²³²¹©y²¹¨·¥W°A¯>¶¡¶Ñ¥�#�©«´¹½�¥

n = pq
È«¬>©«½h¯*=²¹©§¶·¨¡¸¹©W¯x²¹²¹¯x´¹¯�ªA¯xÌ«¶·¨L¥§¶·Ì§©«´¹¨»¸¼½h¨«ÍD¥§²¹¥¿¸¼¨$²¹¤A¶¡¶Ñ¥W°A¨»åh¬>©«¶»¸5! °L¯>¶·¶·¥ #+¥¿¸³¸¼©«´³¨·¦>¦>¥§¦>¨¡©«ªA¯¿��îkÿÓ¥§¶·Ì§©«´¹¨»¸¼½h©F¬x¯>´³¬�¥

°A¨A¸¼´³©
µ§¥¿´¹¯�¤AªD¥y¬>¤A´eµ¿¥±¯x¶·¶·¨»¸¹¸¹¨·¬�¥
E
¸¼¥§¶·¯�¬®­L¯ �

(E(
½�©
°

p))
²³¨Ñ¥

B
Ïb¶·¨·²³¬>¨·¥W¯ £�¤A¨¡ªA°A¨

kP (
½�©
°

p) =
O(
½�©
°

p)
ó+¾%¯>´³¬®­8* �

(E(
½h©$°

p)) | k
ôæ��¢R²p¨¡½�¾L´¹©«ÍD¥¿ÍA¨·¶¡¯§Èâ¥�£�¤A¯x²³¸¼©.¾A¤Lª�¸¹©AÈp¬®­A¯è²¹¨2µ§¯>´³¨¡ÙD¬®­A¨

¥§ªA¬®­A¯
kP (

½h©$°
q) = O(

½h©
°
q);
¸¼¤L¸³¸®¥�µ
¨Ñ¥LÈ�²³¯W¬>¨17v¥¿¬>¬�¥¿°A¯>²³²¹¯§È/* ²³¤Låh¬>¨·¯xª(¸¼¯3¬>¥§½`ÍA¨·¥§´¹¯�¶Ñ¥y¬>©§¾A¾A¨Ñ¥

(E, P )
©«¾A¾A¤L´¹¯y²¹¬x¯>Ì«¶¡¨·¯>´³¯

B
¾A¨g0o¾A¨¡¬>¬>©§¶·©A�NË
¨�¥§´¹´³¨¡µ¿¥`£�¤A¨·ªA°L¨�¥§¶�¬�¥¿²¹©
{

kP (
½�©
°

p) = O(
½�©
°

p)
kP (

½�©
°
q) 6= O(

½h©$°
q);

£�¤A¯>²e¸¼©v²³¨·Ì«ªL¨¡ÙD¬>¥3¬®­A¯§È$¬�¥§¶¡¬>©«¶·¥§ªA°A©
kP

²¹¨D¸¼´³©
µ§¥n¤Aª�°A¯>ªL©«½�¨¡ªD¥¿¸¹©«´¹¯=¬®­L¯ß*�°A¨¡µ
¨¡²¹¨·ÍL¨·¶·¯2¾�¯x´
p
½�¥nªA©«ª

¾�¯x´
q
ÈD¯y£�¤A¨¡ªA°A¨uÈ$¬�¥§¶¡¬>©«¶·¥§ªA°A©�¨¡¶�½�¥§²¹²³¨·½h©`¬>©«½v¤Aª�°L¨¡µ
¨·²³©«´¹¯n¬x©«ª

n
²¹¨*©§¸³¸¼¨·¯xªA¯n¾A´³©«¾A´¹¨¡©

p
�

ãTª8¾D¥§´e¸¼¨¡¬>©«¶·¥§´¹¯¿ÈA¶uÿÓ¥§¶·Ì§©«´¹¨»¸¼½h©v°A¨âî*¯>ªA²e¸¼´¹¥�­D¥hÍA¤A©«ªA¯±¾A´³©«ÍD¥§ÍA¨¡¶·¨»¸5!`°A¨*²³¤A¬>¬x¯>²¹²³©7²¹¯
p < 1040 ó+²¹¨µ«¯x°D¥Ö&ö¥§²³­A¨·ªAÌ¿¸¼©«ª�È�è» �º=éuÈA¾A¥§ÌA�» 
Ø(�«ôæ�
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ñ �RÛ���� ��g6\ RQj6PQRQ[NaWf�[ U�gNPt\ M:SLg�² g

(p− 1)
²WR j gNPQPQ[NJ/²

Ë$¨�ªA©¿¸®¥�²¹¤AÍL¨¡¸¼©h¶Ñ¥`²³©«½h¨·Ì«¶¡¨Ñ¥§ªA¦>¥4°A¨*£�¤A¯x²³¸¹©�½h¯x¸¹©$°A©t¬x©«ªo£
¤L¯>¶·¶¡©t°A¨�ï�©«¶¡¶Ñ¥§´³°�ÈL²³¯>ÍAÍ%¯>ªL¯§È"½�¯xª(¸¼´¹¯y¨¡ª
£�¤A¯>²e¸�ÿõ¤A¶¡¸¹¨·½h©�²¹¨*¤L¸¹¨·¶·¨¡¦>¦>¥v¨·¶�Ì§´¹¤A¾A¾%©

Z∗
p

ÈD£
¤L¨*¨·ª(µ«¯x¬>¯±¤L¸¼¨¡¶·¨·¦x¦>¨·¥§½�©
E
ó�½�©
°

p
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�kì ªA°A¨·¥§½�©t¥¿¶�¾A¤Aª(¸¼©è�$�
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¥§¬x¬�¥§°A¥(ô�²³¯

i = 0
´¹¨·²³¾�©§ªA°A¨Ñ¥¿½�©�¨¡ªÃ©§¤L¸¼¾A¤$¸~�
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²³¤
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